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PREFACE. 


The present work provides a course of Elementary Geometry 
based on the recommendations of the Mathematical Association 
and on the schedule recently proposed and adopted at Cambridge. 


The principles which governed these proposals have been 
confirmed by the issue of revised schedules for all the more 
important Examinations, and they are now so generally accepted 
by teachers that they need no discussion here. It is enough to 
note the following points : ' 

(i) We agree that a pupil should gain his first geometrical ideas 
from a short preliminary course of a practical and experimental 
character. A suitable introduction to the present book would 
consist of Easy Exercises in Drawing to illustrate the subject 
matter of the Definitions ; Measurements of Lines and Angles ; 
Use of Compasses and Protractor ; Problems on Bisection, Per- 
pendiculars, and Parallels ; Use of Set Squares ; The Construction 
of Triangles and Quadrilaterals. These problems should be 
accompanied by informal explanation, and the results verified 
by measurement. Concurrently, there should be a series of ex- 
ercises in Drawing and Measurement designed to lead inductively 
to the more important Theorems of Part I. [Euc. 1. 1-34].* While 
strongly advocating some such introductory lessons, we may point 
out that our book, as far as it goes, is complete in itself, and from 
the first is illustrated by numerical and graphical examples of the 
easiest types. Thus, throughout the whole work, a graphical 
and experimental course is provided side by side with the usual 
deductive exercises. 


(ii) Theorems and Problems are arranged in separate but parallel 
courses, intended to be studied pari passu . This arrangement is 
made possible by the use, now generally sanctioned, of Hypothetical 
Constructions. These, before being employed in the text, are care- 
fully specified, and referred to the Axioms on which they depend. 


* Such an introductory course 
mental and Practical Geometry . 


is now furnished by our Wessons in Ecvptri- 
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(iii) The subject is placed on the basis of Commensurable Mag- 
nitudes. By this means, certain difficulties which .are wholly 
beyond the grasp of a young learner are postponed, and a wide 
field of graphical and numerical illustration is opened. Moreover 
the fundamental Theorems on Areas (hardly less than those on 
Proportion) may thus be reduced in number, greatly simplified, 
and brought into lino with practical applications. 

(iv) An attempt has been made to curtail the excessive body of 
text which the demands of Examinations have hitherto forced as 
“bookwork” on a beginner’s memory. Even of the Theorems 
here given a certain number (which we have distinguished with 
an asterisk) might bo omitted or postponed at the discretion of the 
teacher. And the formal propositions for which — as such — teacher 
and pupil are held responsible, might perhaps be still further 
limited to those which make the landmarks of Elementary Geo- 
metry. Time so gained should be used in getting the pupil to 
apply his knowledge; and the working of examples should bo 
made as important a part of a lesson in Geometry as it is so 
considered in Arithmetic and Algebra. 

Though we have not always followed Euclid’s order of Proposi- 
tions, we think it desirable for the present, in regard to tho 
subject-matter of Euclid Book I. to preserve the essentials of his 
logical sequence. Our departure from Euclid’s treatment of Areas 
has already been mentioned ; the only other important divergence 
in this section of the work is the position of I. 26 (Theorem 17), 
which we place after I. 32 (Theorem 1C), thus getting rid of the 
tedious and uninstructive Second Case. In subsequent Parts a freer 
treatment in respect of logical order has been followed. 

Ajb regards the presentment of the propositions, we have con- 
stantly kept in mind the needs of that large class of students, who, 
without special aptitude for mathematical study, and under no 
necessity for acquiring technical knowledge, may and do derive 
real intellectual advantage from lessons in pure deductive reasoning. 
Nothing has as yet been devised as effective for this purpose as the 
Euclidean form of proof ; and in our opinion no excuse is needed 
-• for treating the earlier proofs with that fulness which we have 
always found necessary in our experience as teachers. 
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The examples are numerous and for the most part easy. They 
have been very carefully arranged, and are distributed throughout 
the text in immediate connection with the propositions on which 
they depend. A special feature is the large number of examples 
involving graphical or numerical work. The answers to these 
have been printed on perforated pages, so that they may easily be 
removed if it is found that access to numerical results is a source 
of temptation in examples involving measurement. 

"We are indebted to several friends for advice and suggestions. 
In particular we wish to express our thanks to Mr. H. C. Playne 
and Mr. H. C. Beaven of Clifton College for the valuable assist- 
ance they have rendered in reading the proof sheets and checking 
the answers to some of the numerical exercises. 

H. S. HALL. 

F. EL STEVENS. 

November, 1903. 


PREFATORY NOTE TO THE THIRD EDITION. 

In the present edition some further steps have been taken towards 
the curtailment of bookwork by reducing certain less important 
propositions (e.g. Euclid L 22, 43, 44) to the rank of exercises. 
Boom has thus been found for more numerical and graphical 
exercises, and experimental work such as that leading to the 
Theorem of Pythagoras. 

Theorem 22 (page 62), in the shape recommended in the Cam- 
bridge Schedule, replaces the equivalent proposition given as 
Additional Theorem A (page 60) in previous editions. 

In the case of a few problems (e.g. Problems 23, 28, 29) it has 
been thought more instructive to justify the construction by a pre- 
liminary analysis than by the usual formal proof. 

H. S. HALL. 

F. H. STEVENS. . 


March, 1904. 
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PART m 


THE CIRCLE. 

Definitions and First Principles. 

1. A circle is a plane figure contained by a line traced out 
by a point which moves so that its distance from a certain 
fixed point is always the same. 

The fixed point is called the centre, and the 'bounding line 
is called the circumference. 

Note. According to this definition the term circle strictly applies 
to the fi'jure. contained by the ciroumference ; it is often used however 
for the circumference itself when no confusion is likely to arise. 

2. A radius of a circle is a straight line drawn from the 
centre to the circumference. It follows that all radii of a 
circle are equal. 

3. A diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 

4. A semi-circle is the figure bounded by a diameter of 
a circle' and the part of the circumference cut off by the 
diameter. 

It will bo proved on page 142 that a diameter divides a circle into 
two identically equal parts. 

5. Circles that have the same centre are said to be 
concentric. 
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From these definitions wo draw the following inferences : 

(i) A circle is a closed curve ; so that if the circumference 
is crossed by a straight line, this line if produced will cross 
the circumference at a second point. 

j(ii) The' distance of a point from the centre of a circle 
is greater or less than the radius according as the point is 
without or within the circumference. 

(iii) A point is outside or inside a circle according as its 
distance from the centre is greater or loss than the radius. 

(iv) Circles of equal radii arc identically equal. For by 
superposition of one centre on the other the circumferences 
must coincide at every point. 

(v) Concentric circles of unequal radii cannot intersect, for 
the distance from the centre of every point on the smaller 
circle is less than the radius of the larger. 

(vi) If the circumferences of two circles have a common 
point they cannot have the same centre, unless they coincide 
altogether. 


6. An arc of a circle is any part of the circumference. 

7. A chord of a circle is a straight line joining any two 
points on the circumference. 

Note. From these definitions it nmy be seen 
•that a chord of a circle, which does not pass through 
the ccntio, divides the circumference into two un- 
equal arcs ; of theso, the greater is called the major 
are, and the less the minor arc. Thus the major 
aro is greater, and the minor aro less than the semi- 
circumference. 

Tho major and minor ares, into which a cir- 
cumference is divided by a chord, aro said to be 
conjugate to one another. 
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Symmetry. 

Some elementary properties of circles are easily proved by 
considerations of symmetry. For convenience the definition 
given on page 21 is here repeated. 

Definition 1. A figure is said to be symmetrical about a 
line when, on being folded about that line, the parts of the 
figure on each side of it can be brought into coincidence. 

The straight line is called an a xis of symmetry . 

That this may be possible, it is clear that the two parts of the figure 
must have the same size and shape, and must bo similarly placed with 
regard to the axis. 


Definition 2. Let AB be a straight line and P a point 
outside it. 



From P draw PM perp. to AB, and produce it to Q, making 
MQ equal to PM. ° 

Then if the figure is folded about AB, the point P may be 
made to coincide with Q, for the L AMP = the aAMQ, and 

mp=mq. 


The points P and Q are said to be symmetrically opposite 
with regard to the axis AB, and each point is said to be the 
image of the other in the axis. 

No-ra. A point and its image are equidistant from every point on 
the axis. See Prob. 14, page 91. ’ 1 
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Some Symmetrical Properties of Circles. 
I. A circle is symmetrical about any diameter. 



Let APBQ be a circle of which O is the centre, and AB any 
diameter. 

It is required to prove that the circle is symmetrical about AB. 

Proof. Lot OP and OQ be two radii making any equal 
A*AOP, AOQ on opposite sides of OA. 

Then if the figure is folded about AB, OP may be made to 
fall along OQ, since the z.AOP-the l AOQ. 

And thus P will coincide with Q, since OP=OQ. 

Thus every point in the arc APB must coincide with some 
point in the are AQB ; that is, the two parts of the circum- 
ference on each side of AB can be made to coincide. 

.* . the circle is symmetrical about the diameter AB. 

Corollary. If PQ is drawn cutting AB at M, then on 
folding the figure about AB, since P falls on Q, MP will 
coincide with MQ, 

.'. MP = MQ; 

and the A.OW1P will coincide with the lOMQ, 

.-. these angles, being adjacent, are rt. L’; 

.*. the points P and Q are symmetrically opposite with 
regard to AB. 

Hence, conversely, if a circle passes through a given point P, 
it also passes through the symmetrically opposite point with reqard 
to any diameter. 

Definition. The straight line passing through the centres 
of two circles is called the line of centres. 
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II. Two circles are divided symmetrically by their line of centres. 



Let 0, O' be the centres of two circles, and let the st. line 
through O, O' cut the O"* at A, B and A', B'. Then AB and 
A'B' are diameters and therefore axes of symmetry of their 
respective circles. That is, the line of centres divides each 
circle symmetrically. 



Let the circles whose centres are O, O' cut at the point P. 

Draw PR perp. to 00', and produce it to Q, so that 
RQ=RP. 

Then P and Q are symmetrically opposite points with 
regard to the line of centres 00' / 

since P is on the O w of both circles, it follows that Q is 
also on the 0“ of both. [I. Cor.] 

And, by construction, the common chord PQ is bisected at 
right angles by 00'. 
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, ON CHORDS. 

THEOREM 31. [Euclid III. 3.] 

If a straight line drawn from the centre of a circle bisects a 
chord which does not pass through the centre , it cuts the chord at 
right angles. 

Conversely, if it cuts the chord at right angles, it bisects it. 



Let ABC be a circle whose centre is O ; and let OD bisect 
a chord AB which does not p a ss through thej sentre. 

It is required top) ore that OD is perp. to AB. 

Join OA, OB. 


Proof. Then in the A* ADO, BDO, 


because -! 


[ AD^= BD, by hypothesis, 

. ODiis commopr 

[and OA^OB,. being radii of the circle; 


.*. the L ADO =the l BDO ; Tlieor. 7. 

and these are adjacent angles, 

OD is perp. to AB. Q.E.D. 


Conversely. Let OD be perp. to the chord AB. 
It is required to prove that OD bisects AB. 


Proof. In the A* ODA, ODB, 

[the L' ODA, ODB are right angles, 
because 1 the hypotenuse OA=the hypotenuse OB, 
[and OD is common ; 


.*. DA = DB; 

OD bisects AB at D. 


that is, 


Theor. 18. 

Q.E.E.. 
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Corollary lM The straight line which bisects a chord at 
right angles passes through the cmbre. 

Corollary 2. A straight line cannot meet a circle at mare 
than two points. 

For suppose a sfc. line meets a 
circle whose centre is O at the points 
A and B. 

Draw.OC perp. to AB. • 

Then AC=CB. 

Now if the circle were to cut AB in a third point D, AO 
. would also be equal to CD, which is impossible. • 

Corollary 3. A chord of a circle lies wholly within it. 



EXERGISESi 

(Numoncal and Graphical .) 

In the figure of Theorem 31, if AB=8 cm., and OD=3 cm., find 
OB. Draw the figure, and verify your result by measurement. 

2. Calculate the length of a chord which stands at a distance, 5" 
from the centre of a circle whose radius is 13". 

3. In a circle of 1" radius draw two chords 1'6" and 1*2? in length. 
Calculate and measure the distance of each from the centre. 

4. Draw a circle whose diameter is 8’0 om. and place in it a chord 
6'0 cm. in length. Calculate to the nearest millimetre the distance of 
the chord from the centre ; and verify your result by measurement. 

5. Find the distance from the centre of a chord 5 ft. 10 in. in length 
in a oirele whose diameter is 2 yds. 2 in. Verify the result graphically 
by drawing a figure in which 1 om. represents 10". 

6. AB is a ohord 2 '4" long in a oirele whose centre is O and whose 
radius is 1‘3" ; find the area of the triangle OAB in square inches. 

'■ 7* Two points P and Q are 3" apart. Draw a cirole with radius 1 ’7" 
to pass through P and Q. Calculate the distance of its centre from the 
chord PQ, and verify by measurement. 

H.S.6. k 


./ ' 
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Theorem 32. 

One circle, and only one, can pass through any three points not 
in the same straight line. 



Let A, B, C be three points not in the sam e straight line. 

It is required to prove that one circle, and only one, can pass 
through A, B, and C. 

Join AB, BC. » 

Let AB and BC be bisected at right angles by the lines 
DF, EG. 

Then since AB and BC aro not in the same si. line, DF and 
EG are not par 1 . 

Let DF and EG meot in O. 

Proof. Because DF bisects AB at right angles, 

every point on DF is equidistant from A and B. 

Prob. 14. 

Similarly every point on EG is equidistant from B and C. 

O, the only point common to DF and EG, is equidistant 
from A, B, and C ; 

and there is no other point equidistant from A, B, and C. 

■*• a circle having its centre at O and radius OA will pass 
through B and C ; and this is the only circle which will pass 
.through the three given points. ’ • q.e.t>. 
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Corollary 1. The size and position of a circle are fully 
determined if it is known to pass through three given points ; for 
then the position of the centre and length of the radius can 
be found. 

Corollary 2. Two circles cannot cut one another in more 
than im points milrnit coinciding en Urdy ; for if they out at 
three points they would have the same centre and radius. 

Hypothetical Construction. From Theorem 32 it appears 
that we may suppose a circle to he drawn through any three points 
not in the same straight line. 

For example, a circle can be assumed to pass through the vertices of 
any triangle. 

Definition. The circle which passes through the vertices 
of a triangle is called its circmn-circle, and is said to be 
circumscribed about the triangle. The centre of the circle is 
called the drcum-centre of the triangle, and the radius is called 
thecircum-radius. 


EXERCISES ON THEOREMS 31 AND 32. 


{ Theoretical .) 

‘ *■1. The parts of a straight lino intercepted between the circum* 
ferences of two concentric circles are equal. 

^ 2. Two circles, whose centres are at A and B, intersect at C, D ; and n I 
M is the middle point of the common chord. Shew that AM and BMl'/ 
are in the same straight line. 

^angles™ ^ tflC ^ Cenire8 6 *’ sev<a tlie common chord at right Q 


3. AB, AC are two equal chords of a circle ; show that the straight 
Jlmo whioh bisects the angle BAC passes through the centre. 

‘ Find the locus op the centres of all circles which pass through two 
given points. 


... 5 * Puerile a circle that shall pass through two given points and have ^ 
its centre in a given straight line. 

When is this impossible ? 

6. Describe a circle of given radius to pass through two given points. ^ 
When is this impossible ? 
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'* Theorem 33. [Euclid III. 9.] ■ 1 

If from a point within a circle more than two equal straight 
lines can be drawn to the circumference , that point is the centre 
of the circle. 



Let ABC be a circle, and 0 a point within it from which 
more than two equal st. lines are drawn to the O™, namely 
OA, OB, OC. 

It is required to prove that 0 is the centre of the circle ABC. 

Join AB, BC. 

Let D and E he the middle points of AB and BC respectively. 
Join OD, OE. 


Proof. In the A* ODA, ODB, 


because -! 


[ DA= DB, 

! DO is common, 

[and OA = OB, by hypothesis; 


.•. the l ODA = the l ODB; Thcor.1.- 

.-. these angles, being adjacent, are rt. il. 

Hence DO bisects the chord AB at right angles, and therefore 
passes through the centre. Tkeor. 31, Cor. 1. 

Similarly it may be shewn that EO passes through the 
centre. 

.•. O, which is the only point common to DO and EO, must 
be the centre. Q.E.D. 
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EXERCISES ON CHORDS. 


(Numerical and Graphical.) 

1. AB and BC are lines at right angles, and their lengths are 1*6" 
and 3*0" respectively. Draw the circle through the points A, B, and C ; 
find the length of its radius, and verify your result by measurement. 

2. Draw a circle in which a chord 6 cm. in length stands at a 
distance of 3 cm. from the centre. 

Calculate (to the nearest millimetre) the length of the radius, and 
verify your result by measurement. 

3. Draw a circle on a diameter of 8 cm., and place in it a chord 
equal to the radius. 

Calculate (to the nearest millimetre) the distance of the chord from 
the centre, and verify by measurement. 

4. Two circles, whose radii are respectively 26 inches and 25 
inches, intersect at two points which are 4 feet apart. Find the 
distance between their centres. 

Draw the figure (scale I cm. to 10"), and verify your result by 
measurement. 


5. Two parallel chords of a circle whose diameter is 13" are re- 
spectively 5" and 12" in length : shew that the distance between them 
is either 8*5" or 3*5". 




Two parallel chords of a circle on the same side of the centre are 
6 cm. and S cm. in length respectively, and the perpendicular distance 
between them is 1 cm. Calculate and measure the radius. 

" 7. Shew on squared paper that if a circle has its centre at any point 
on the ar-axis and passes through the point (6, 5), it also passes through 
the point (6, - 5). [See page 132.] 


y ( Theoretical .} 

8/ The line joining the middle points of two parallel chords of a 
circle passes through the centre. 

9 the locus of the middle points of parallel chords in a circle. 

^10. Two intersecting chords of a circle cannot bisect each other 
unless, each is a diameter. 

11. If a parallelogram can be inscribed in a circle, the point of inter- 
section of its diagonals must be at the centre of the circle. 

. 12 .\ ®bew that rectangles are the only parallelograms that can be 
inscribed in a circle. 



isn 


geometry. 


.Theorem 34. (Euclid III. 14.] 

Equal chords of a circle are equidistant from the centre. 
Conversely, chords which are equidistant from the centre are 
equal. 

C 


D 


Let AB, CD be chords of a circle whose centre is O, and let 
OF, OG be perpendiculars on them from O. 

First- Let AB = CD. 

It is required to prove that AB and CD arc equidistant from O. 
Join OA, OC. 

Proof. Because OF is perp. to the chord AB, 

OF bisects AB ; Thtor. 31. 

AF is half of AB. 

Similarly CG is half of CD. 

But, by hypothesis, AB = CD, 

.-. AF = CG. 

Now in the A’ OFA, OGC, 

I the a 5 OFA, OGC are right angles, 
the hypotenuse OA=the hypotenuse OC, 
and AF = CG ; 

the triangles are equal in all respects ; Thcor. 18. 
so that OF = OG ; 

that is, AB and CD are equidistant from O. 



Q.E.D. 
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Conversely. Let OF = OG. 

It is required to prove that AB = CD. 

Proof. As before it may be she\ra that AF is half of AB, 
and CG half of CD. * 

Then in the A' OFA, OGG, 

( the z.* OFA, OGC are right angles, 
the hypotenuse OA=the hypotenuse OC, 
and OF = OG ; 

.-. AF = CG; Them. 18. 

the doubles of these are equal; 
that is, AB — CD. 

Q.E.D. 


EXERCISES. 

( Theoretical .) 

'■^lr^Find the locus of the middle points of equal chords of a circle. 

2. If two chords of a circle cut one another, and make equal 
angles with the straight line which joins their point of intersection to 
the centre, they are equal. 

3Vlf two equal chords of a circle intersect, shew that the segments 
of the one are equal respectively to the segments of the other. 

v/t In a given circle draw a chord which shall be equal to one given 
straight line (not greater than the diameter) and parallel to another. 

5. PQ is a fixed chord in a circle, and AB is any diameter : shew 
that the sum or difference of the perpendiculars let fall from A and B 
on PQ is constant, that is, the same for all positions of AB. 

[Sec Ex. 9, p. 65.] 


( Graphical . ) ^ 

. 6. In a circle of radius 4‘1 cm. any number of chords are drawn 

each 1 -8 cm. in length. Shew that the middle points of these chords 
all lie on a circle. Calculate and measure the length of its radius, and 
draw the circle. 

~.1\ centres of two circles are 4° apart, their common chord is<^ 
lr ] length, and the radius of the larger circle is 3 ’7". Give a r edn- 
«>°n for finding the points of intersection of the two circled, and 
nna the radius of the smaller oirclc. > 
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^ Theorem 35. [Euclid III. 15.] 

"Of any two chords of a circle , that which is nearer to the centre 
is greater than one more remote. 

Conversely, the greater of two chords is nearer to the centre than 
the less. 



Let AB, CD be chords of a circle whose centre is O, and let 
OF, OG be perpendiculars on them from O. 

It is required to prove that 

(i) if OF is less than OG, then AB is greater than CD ; 

(ii) if AB is greater than CD, then OF is less than OG. 

Join OA, OC. 

Proof. Because OF is perp. to the chord AB, 

•\ OF bisects AB; 

.\ AF is half of AB. 

Similarly CG is half of CD. 

Now OA = OC, 

' » 

.'. the sq. on OA = the sq. on OC. 

But since the L OFA is a rt. angle, 

.•. the sq. on OA = the sqq. on OF, FA. 

Similarly the sq. on OC = the sqq. on OG, GC. 
the sqq. on OF, FA = the sqq. on OG, GO. 
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(i) Hence if OF is given less than OQ ; 

the sq. on OF is less than the sq. on OG. 

... the sq. on FA is greater than the sq. on GC ; 

.*. FA is greater than GO : 

.•. AB is greater than CD. 

(ii) But if AB is given greater than CD, 
that is, if FA is greater than GO ; 
then the sq. on FA is greater than the sq. on GC. 

.-. the sq. on OF is less than the sq. on OG ; 

,'j. OF is less than OG. Q.E.D. 

ifCOROliLARYV ^ The greatest chord in a circle is a diameter:. 


EXERCISES.- 

(Miscellaneous.) 

e 

Through a given point ■within a circle draw the least possible 

chord. 

2. Draw a triangle ABC in which a=3'5", 6=1*2", c=3’7". Through 
the ends of the side a draw a circle ■with its centre on the side c. 
Calculate and measure the radius. 

3. Draw the circum-oircle of a triangle whose sides are 2-6", 2*8", 
and 3 0". Measure its radius. 

4. AB is a fixed chord of a circle, and XY any other chord having 
its middle point Z on AB ; what is the greatest, and what the least 
length that XY may have ? 

Shew that XY increases, as Z approaches the middle point of AB. 

5. Shew on squared paper that a circle whose centre is at the 
origin, and whose radius is 3’0", passes through the points (2‘4", 1*8"), 
(I -8", 2-4"). 

Find (i) the length of the chorcTJoining these points, (ii) the co- 
ordinates of its middle point, (iii) its perpendicular distance from the 
origin. 
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/^Theorem 3G. [Euclid III. 7.] 

If from any internal point, not the centre, straight lives are 
drawn to the circumference of a circle, then the greatest is that 
which passes through the centre, and the least is the remaining part 
of that diameter. 

And of any other two such lines the greater is that which sub- 
tends the greater angle at the centre. 



Lot ACD8 be a circle, and from P any internal point, which 
is not the centre, lot PA, PB, PC, PD be drawn to the O”, 
so that PA passes through the centre O, and PB is the remain- 
ing part of that diameter. Also let the L POC at the centre 
subtended by PC be greater than the L POD subtended by PD, 

It is required to pi ore that of these st. lines 

(i) PA is the greatest, 

(ii) PB is the least, 

(iii) PC is gicater than PD. 

Join OC, OD. 

Proof, (i) In the A POC, the sides PO, OC arc together 
greater than PC. Thcor. 11. 

But OC = OA, being radii ; 

PO, OA arc together greater than PC; 
that is, PA is greater than PC. 

Similarly PA may bo shewn to bo greater than any other 
st. line drawn from P to the O” ; 

PA is the greatest of all such lines. 
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(ii) In the A OPD, the sides OP, PD are together greater 
than OD. 

But OD = OB, being radii ; 

OP, PD are together greater than OB. 

Take away the common part OP ; 
then PD is greater than PB. 

Similarly any other st. line drawn from P to the O cs may 
be shewn to be greater than PB ; 

PB is the least of all such lines. 

(iii) In the A a POC, POD, 

{ PO is common, 

OC = OD, being radii, 
but the L POC is greater than the A POD; 

,\ PC is greater than PD. Tlicor. 19. 

Q.E.D. 


EXERCISES. 

(Miscellaneous.) 

1. All circles which pass through a fixed point , and have their centres 
on a given straight line, pass also through a second fixed point. 

2. If two circles which interseot are cut by a straight lino parallel 
to the oommon chord, shew that the parts of it intercepted between 
the circumferences are equal. 

3. If two circles cut one another, any two parallel straight lines 
drawn through the points of intersection to out tne circles are equal. 

4. If two circles cut one another, any two straight lines drawn 
through a point of section, mailing equal angles with the common 
chord, and terminated by the circumferences, are equal. 

5. Two circles of diameters 74 and 40 inches respectively have a 
common chord 2 feet in length : find the distance between their centres. 

Draw the figure (1 cm. to represent 10") and verify your result by 
measurement. 

6. Draw two circles of radii l’O" and 1'7”, and with their centres 
-’1 apart. Find by calculation,. and by measurement, the length of 
the common chord, and its distance from the two centres. 
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♦Theorem 37. [Euclid III. 8.] 

If from 'any external point straight lines arc drawn to the 
circumference of a circle, Vie greatest is that which passes through 
the centre, and the least is that which when produced! passes through 
the centre. 

And of any other two such lines, the greater is that which sub- 
tends the greater angle at the centre. 



Let ACDB be a circle, and from any external point P let the 
lines PBA, PC, PD be drawn to the O c °, so that PBA passes 
through the centre O, and so that the L POC subtended by PC 
at the centre is greater than the L POD subtended by PD. 

It is required to prove that of these st. lines 

(i) PA is the greatest, 

(ii) PB is the least, 

(iii) PC is greater than PD. 

Join OC, OD. 

Proof, (i) In the A POC, the sides PO, OC are together 
greater than PC. 

But OC = OA, being radii ; 

•\ PO, OA are together greater than PC; 

that is, PA is greater than PC. 

Similarly PA may be shewn to be greater than any other st. 
line drawn from P to the O”; 

that is, PA is the greatest of all such lines. 
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(ii) In the APOD, the sides PD, DO are together greater 
than PO. 

But OD = OB, being radii; 
the remainder PD is greater than the remainder PB. 

Similarly any other st. line drawn from P to the 0“ may he 
shewn to be greater than PB ; 

that is, PB is the least of all such lines. 

(iii) In the A" POC, POD, 

{ PO is common, 

OC = OD, being radii ; 

but the l POC is greater than the l POD ; 

PC is greater than PD. Theor. 19. 

Q.E.D. 


EXERCISES. 


{Miscellaneous.) 

1. Find the greatest and least straight lines -which have one ex- 
tremity on each of two given circles which do not intersect. 

2. If from any point on the circumference of a circle straight lines 
are drawn to the circumference, the greatest is that which passes 
through the centre; and of any two such lines the greater is that 
which subtends the greater angle at the centre. 

. 3* ^11 straight lines drawn through a point of intersection of two 

circles, and terminated by the circumferences, the greatest is that which 
is parallel to the line of centres. 

4. Draw on squared paper any two circles which have their centres 
on the *-axis, and cut at the point (8, - 11). Find the coordinates of 
tnoir other point of intersection. 

/1 _ 5 - Oraw on squared paper two circles with centres at the points 
US, 0) and (- 6, 0) respectively, and cutting at the point (0, 8). Find 
the lengths of their radii, and the coordinates of their other point of 
intersection. r 


6, w an 1B0 !? eles triangle OAB with an angle of 80° at its vertex 
* i Centr ° 0 ai ? d radius 0A dra-wr a circle, and on its circum- 
AR oc ti take °f y n ™? ber of P° ints p » Q. R, ... on the same side of 
Mea ™ re tho an gles subtended by the chord AB at 
S?, • * •:* : Repeat the same exercise with any other given 
angle at O. What inference do you draw? • b 
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ON ANGLES IN SEGMENTS, AND ANGLES AT THE 
CENTRES AND CIRCUMFERENCES OF CIRCLES. 

Theorem 38. [Euclid IH. 20.] 

The angle al the centre of a circle is double of an angle at the 
circumference standing on the same arc. 



Fig. i. Fig. 2. 


Let ABC be a circle, of which O is the centre ; and let BOO 
be the angle at the centre, and BAC an angle at the 0“, 
standing on the same arc BC. 

It is required to prove that the L BOC is twice the L BAC. 

Join AO, and produce it to D. 

Proof. In the AOAB, because OB = OA, 

.•. the L OAB = the L OBA. 

.•. the sura of the L' OAB, OBA = twice the Z.OAB. 

But the ext. l BOD = the sum of the C OAB, OBA ; 

.'. the l BOD = twice the l OAB. 

Similarly the L DOC = twice the l OAC. 

, adding these results in Fig. 1, and talcing the difference 
in Fig. 2, it follows in each case that 

the’ L BOC = twice the L BAC. 


Q.E.D. 
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Ohs. If tie arc BEO, on which the angles stand, is a semi- 
circumference, as in Fig. 3, the LBOC at the centre is a 
straight angle, and if the arc BEC is greater than a semi- 
circumference, as in Fig. ■£, the l BOC at the centre is reflex. 
But the proof for Fig. 1 applies without change to both these 
cases, shewing that whether the given arc is greater than, 
equal to. or less than a semi-circumference, 

the LBOO—fimce the l. BAC, on the same arc BEC. 


' DEFINITIONS. 

'"'A segment of a circle is the figure hounded 
by a chord and one of the two arcs into which 
the chord divides the circumference. 

Note. The chord of a segment is sometimes called 
its base. 

( 

V An angle in a segment is one formed by two 
straight lines drawn from any point in the arc 
of the segment to the extremities of its chord. 


We have seen in Theorem 32 that a circle may be drawn 
through any three points not in a straight line. But it is 
only under certain conditions that a circle can be drawn 
through more than three points. 

V Defenttion. If four or more points are so placed that a 
circle may be drawn through them, tbev are said to be 
concyclic. 
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Theorem 39. [Euclid III. 21.] 
Anglos in the same segment of a circle are equal. 




Let BAC, BDC be angles in the same segment BADC of a 
circle, whose centre is O. 

It is required to pi'ove that the L BAC — the L BDC. 

Join BO, OC. 

Proof. Because the l BOC is at the centre, and the L BAC 
at the O", standing on the same arc BC, 

the L BOC = twice the l BAC. Tlicor. 38. 

Similarly the L BOC = twice the L BDC. 

. ’. the L BAC = the l BDC. Q.E.D. 


Note. The given segment may be greater than a semioirole as in 
’ °, r , , s than a semioirole as in Fig. 2 : in the latter ease the angle 
BOC will be reflex. But by virtuo of the extension of Theorem 38, 
Igu* 11 ° n P reoe “’ n S P a S e > the above proof applies equally Jto both 
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Converse of Theorem 39. 

* Equal angles standing on the same base, and on the same side of it, 
have their vertices on an arc of a circle , of which the given base is the 
chord. 

Let BAC, BDC be two equal angles standing on 
the same base BC, and on the same side of it. 

It is required to prove that A and D lie on an arc 
of a circle having BC as its chord. 

Let ABC be the circle which passes through 
the three points A, B, C ; and suppose it cuts BD 
or BD produced at the point E. 

Join EC. 



Proof. Then the Z_BAC=the L BEC in the same segment. 

But, by hypothesis, the L BAC = the A BDC; 

.'. the ABEC=the A BDC; 
which is impossible unless E coincides -with D ; 

.'. the^eip&e through B, A, C must pass through D. 

CoroixartN The locus of the vertices, of triangles drawn on the same 
side ofa given base, and with equal vertical angles, is an arc of d circl e. 


EXERCISES ON THEOREM 39. 

In Fig. 1, if :the angle BDC is 74°, find the number of degrees in 
each of the angles BAC, BOC, OBC. 

2ivfn Fig. 2, let BD and CA intersect at X. If the angle DXC=40°, 
and the angle XCD=25°, find the number of degrees in the angle BAC 
and in the reflcx'angle BOC. 

3^ 'In/Figll, if the angles CBD, BCD are respectively 43° and 82°, 
findtho/number of degrees in the angles BAC, OBD, OCD. 

. 4. Shew that in Fig. 2 the angle OBC is always less than the angle 

BAC by a right angle. r ... 6 


H.S.O. 


[For further Exercises on Theorem 39 see page 170.] 
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, '/ Theorem 40. [Euclid III. 22.] 

The opposite angles of any quadrilateral inscribed in a circle 
are together equal to two right angles. 



Let; ABCD be a quadrilateral inscribed in the ©ABC. 
It is required to prove that 

(i) the U ADC, ABC together = two rt. angles. 

(ii) the l’ BAD, BCD together —two rt. angles. 
Suppose O is the centre of the circle. 

3oin OA, OD. 


Proof. Since the l ADC at the O ra = half the t- AOC at the 
contrc, standing on the same arc ABC ; 

and the l ABC at tho 0“ — half the reflex l AOC at the centre, 
standing on the same arc ADC ; 

.’. the /." ADC, ABC together = half the sum of the z_AOC and 
the reflex /.AOC. 

But these angles make up four rt. angles. 

the /.’ ADC, ABC together = two rt. angles. 
Similarly the /.’BAD, BCD together = two rt. angles. 

Q.E.D. 


Note. The results of Theorems 39 and 40 ' should bo carefully 
compared. 

From Theorem 39 we learn that angles in tho mine segment are 
equal. 

/From Theorem 40 we learn that angles in conjugate segments aro 
tiupplcmcntary. 

Definition. A quadrilateral is called cyclic when a circle 
can be drawn through its four vertices. 
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Converse oe Theorem 40. 

If a pair oj opposite angles of a quadrilateral are supplementary, its 
veriices are coilcydic. 

Let ABCD be a quadrilateral in which the 
opposite angles at B and D are supplementary. 

It is required to prove that the points A, B, C, D 
are concydic. 

Let ABC be the circle which passes through 
the three points A, B, C ; and suppose it cuts AD 
or AD produced in the point E. 

Join EC. 

Proof. Then since ABCE is a oyolio quadrilateral, 

.*. the AAEC is the supplement of the A ABC. 

But, by hypothesis, the A ADC is the supplement of the A ABC ; 

.*. the AAEC=the A ADC; 
whioh is impossible unless E coincides with D. 
the circle which passes through A, B, C must pass through D : 

that is. A, B, C, D are concyolic. q.e.d. 



EXERCISES ON THEOREM 40 . . 

/ 

L In a circle of 1 ’6" radius inscribe a quadrilateral ABCD, making 
the angle ABC equal to 126°. Measure the remaining angles, ana 
hence verify in this case that opposite angles are supplementary. 


.2; Provo Theorem 40 by the aid of Theorems 39 and 16, after first 
joining the opposite vertices of the quadrilateral. 


•J 3, 


If a circle can ho described about a parallelogram, the parallelo- 
must be rectangular. 


ABC is an isosceles triangle, and XY is drawn parallel to the (773 
b^e BC cutting the sides in X and Y : shew that the four points B, C, 

X, Y lie on a circle. 
t * * si 

' If one side of a cyclic quadrilateral is produced, the exterior angles 

equal to the opposite interior angle of the quadrilateral. r 
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Theorem 41. [Euclid III. 31.] 

The angle in a semi-circle is a right angle . 



Let ADB be a, circle of which AB is a diameter and O the 
centre ; and let C be any point on the semi-circumference ACB. 

It is required to prove that the A ACB is g rl. angle. 


1st Proof. The /.ACB at the 0“ is half the straight angle 
AOB at the centre, standing on the same arc ADB ; 

and a straight angle = two rt. angles : 

.•. the ^_ACB is a rt. angle. Q.E.D 


2nd .Proof. _ Join OC. 

Then .because OA— OC, 

. . the l OCA = the l OAC. Them. 5. 


And because OB = OC, 

.•. the ^OCB = the <lOBC. 

.'. the whole l ACB = the l OAC + the l OBC. 


But the three angles of the A ACB together = two rt. angles; 

.•. the l ACB = one-half of two rt. angles 
= one rt. angle Q.E.D 



ANGLE PROPERTIES. 


165 


-•* .'jpOROLLARY. The angle in a segment greater than a semi-circle 
is acute; and the angle in a segment less than a semi-circle is obtuse. 



The a ACB at the 0“ is half the A AOB at the centre, on the 
same arc ADB. 

(i) If the segment ACB is greater than a semi-circle, then 
ADB is a jninor a rc 4 

the aAOB is /cssJihan two rt. angles; 

■\ the A ACB is less than one rt. angle. 

(ii) If the segment ACB is less than a semi-circle, then ADB 
is a major a rc ; 

the A AOB is greate r than two rt. angles; 

, the a ACB is greater than one rt. angle. 


EXERCISES ON THEOREM 41. r , 

A circle described on the hypotenuse of a right-angled triangle as 
diameter , passes through the opposite angular point. ( 

1 2. Two circles intersect at A and B ; and through A two diameters 
IAP; AQ are drawn, one in each circle : shew that the points P, B, Q ■ 
'are collinear. ' ' 

- .3. A circle is described on one of the equal sides of an isosceles 
triangle as diameter. Shew that it passes through the middle point of 
the base. 


4- Circles described on any two sides of a triangle as diameters 
intersect onuthe third side, or the third side produced. 

of given length slides between two straight rulers 
to one another ; find the locus of its middle point. 
•J ^.\'Find the locus of the middle points of chords of a circle drawn 
through a fixed point. Distinguish between the cases when the given point 
w vnthm, on, or without the circumference. 



- 5. A straight rod 
placed at 'right angles 


Definition. A^sector_of a circle is a figure 
bojinded jby two rad ii and ihe_arc intercepted 
between them. 


I 


I 
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Theorem 42. [Euclid III. 26.] 

In equal circles, arcs which subtend equal angles, either at the 
centres or at the circumferences, arc equal. 



Lot ABC, DEF be equal circles, and let the L BGC - the L EHF 
at the coutrcs ; and consequently 

the l BAC = the L EDF at the O'”. Tlicor. 38. 

It is required to prove that the arc BKC = the arc ELF. 

Proof. Apply the O ABC to the © DEF, so that the centre G 
falls on the centre H, and GB falls along HE. 

Then bocausc tho l BGC = the l EHF, 

GC mil fall along HF. 

And bocauso tho circles have equal radii, B mil fall on E, 
and C on F, and the circumferences of the circles will coincide 
entirely. 

' .*. tho arc BKC must coincide with tho arc ELF ; 

the arc BKC = the arc ELF. y.E.D. 

oorollary. In equal circles sectors which have equal angles 
are equal. 

Oh. It is clear that any theorem relating to arcs, angles, 
and chords in equal circles must also be true in the same circle. 
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Theorem &3. [.Euclid III. 27.] 

In equal circles angles , either at the centres or at the circxvm- 
ferenccsj which stand on equal arcs arc equal. 



Let ABC, DEF be equal circles ; 
and let the are BKC = the arc ELF. 

It is required to prove that 

the l BGC — the l EHF at the centres ; 
also the l BAC = the l EOF at the O c ". 

Proof. Apply the ©ABC to the © DEF, so that the centre G 
falls on the centre H, and GB falls along HE. 

* Then because the circles have equal radii, 

B falls on E, and the two O 0 ” coincide entirely. 

And, by hypothesis, the arc BKC = the arc ELF. 

C falls on F, and consequently GC on HF ; 

.*. the L BGC = the L EHF. 

And since the L BAC at the O co = half the l BGC at the centre -■ 
and likewise the L EDF = half the L EHF; 

.*. the L BAC = the L EDF. 


QiE#D« 
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Theorem 44. [Euclid III. 28.] 

In equal didcs, arcs which are cut off by equal chords arc equal, 
the major arc equal to the major arc, and the minor to the minor. 



Let ABC, DEF bo equal circles whose centres are G and H ; 
and let the chord BC=tho chord EF. 

It is required to prove that 

the major arc BAC —the major arc EDF, 
and the minor arc BKC — the minor arc ELF. 

Join BG, GC, EH, HF. 

Proof. In the A* BGC, EHF, 

• BG = EH, being radii of equal circles, 

because - GC = HF, for the same reason, 
and BC = EF, by hypothesis ; 

.*. the L BGC = the u EHF ; Thcor. 7. 

/. the arc BKC = the arc ELF; Thcor. 42. 
and these are the minor arcs. 

But the whole O” ABKC = the whole O" DELF ; 

.*. the remaining arc BAC = the remaining arc EDF : 

and these are the major arcs. Q.E.D. 
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Theorem 4S. [Euclid in. 29.] 

In equal circles chords which cut off equal arcs are equal . ' 



Let ABC, DEF be equal circles whose centres are G and H ; 
and let the arc BKC=the arc ELF. 

It is required to prove that the chord BC = the chord EF. 

Join BG, EH. 

Proof. Apply the ©ABC to the © DEF, so that G falls on H 
anjl GB along HE. 

Then because the circles have equal radii, 

v. B falls on E, and the "O'” coincide entirely. 

And because the arc BKC = the arc ELF, 

C falls on F. 

the chord BC coincides with the chord EF ; 

\ the chord BC = the chord EF. Q.E.D. 
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EXERCISES ON ANGLES IN A CIRCLE. 

1. P is any point on tho arc of a segment of which AB is the chord. 
Show that tho sum of tho angles PAB, PBA is constant. 

2. PQ and RS arc two chords of a oirolo intersecting at X : prove 
that the triangles PXS, RXQ aro equiangular to ono another. 

3. Two circles interseot at A and B ; and through A any straight 
lino PAQ is drawn terminated by tho circumferences : shew that PQ 
subtends a constant angle at B. 

4. Two circles intersect at A and B ; and through A any two 
straight lines PAQ, XAY aic drawn terminated by tho oircuinfcrcnccs ; 
show that tho aios PX, QY subtend equal angles at B. 

5. P is any point on tho arc of a segment whoso chord is AB : and 
tho angles PAB, PBA arc biseoted by straight lines which intersect at 0. 
"Find tho loous of the point O. 

6. If two chords intersect within a circle, they form an angle equal to 
that at the centre, subtended by half the sum of the arcs they cut off. 

7. If two chords intersect without a circle, they form an angle equal 
to that at the centre subtended by half the difference of the arcs they cut off. 

8. Tho sum of tho arcs out off by two chords of a oirolo at right 

angles to ono another is equal to the semi .circumference. ^ 

9. If AB is a fixed chord of a circle and P any point on one of the 
arcs cut off by it, then the bisector of the angle APB cuts the conjugate arc 
m the same point for all positions of P, 

10. AB, AC arc any two ohords of a oirolo ; and P, Q aro tho middle 
points of tho minor arcs out off by thorn ; if PQ is ioined, outturn AB 
iu X and AC m Y, show that AX =AY. 

11. A triangle ABC is inscribed in a oirolo, and tho biseotors of the 
angles moot tho oiroumferonoo at X, Y, Z. Shew that the augles of 
tho triangle XYZ are respectively 

90° -g, 90° -§, 90°-§. 

12. Two circles intersect at A and B; and through these points 
lines are drawn from any point P on tho oiroumforenoo of ono of tho 
circles : shew that when produced they intercept on the other circum- 
lerenoo an aro wlnoh is constant for all positions of P. 
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lS.% ‘The straight lines which join the extremities of parallel chords - 
in a circle (i) towards the same parts, (ii) towards opposite parts, are., 
equal.. 

M4. Through A, a point of intersection of two equal circles, two 
straight lines PAQ,, XAY are drawn : shew that the chord PX is equal 
to the chord Q,Y. ' 

15. Through the points of intersection of two circles two parallel 
straight lines are drawn terminated by the circumferences : shew that 
the straight lines which join their extremities towards the same parts 
are equal. 

16. Two equal circles intersect at A and B ; and through A any 
straight line PAQ is drawn terminated by the circumferences : shew 
thatBP=BQ. 


17. ABC is an isosceles triangle inscribed in a circle, and the 
bisectors of 'the base angles meet the circumference at X and Y. Shew 
that the figure BXAYC must have four oi its sides hqual. 

What relation must subsist among the angles of the triangle ABC, in 
order that the figure BXAYC may he equilateral ? 

" 18. ABCD is a cyclic quadrilateral, and the opposite sides AB, DC 
re produced to meet at P, and CB, DA to meet at Q : if the circles 
irciimEcribed about. the triangles PBC, QAB intersect at R, shew that 
he ^points P, R, JQ are collinear. 

S {l9. P. Q, R are the middle points of the sides of a triangle, and X is 
he foot of the perpendicular let fall from one vertex on the opposite side: 
hew that the four points P, Q, R, X are concydic. 

[See page 64, Ex. 2 : also Prob. 10, p." 83.] 

20. Use the preceding exercise to shew that the middle points of the 
tdes of a triangle and the feet of the perpendiculars let fall' from the 
•erhees on the opposite sides, are concyclic. 

21. If a series of triangles are drawn standing on a fixed base, and 
having a given vertical angle, shew that the bisectors of the vertical 
angles all pass through a fixed point. 

22. ABC is a triangle inscribed in a circle, and E the middle point 
ot the arc subtended by BC on the side remote from A : if through E 
a diameter ED is drawn, shew that the angle DEA is half the difference 
or the angles at B and C. 
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TANGENCY. 

.-Definitions and First Principles. 

Xt^A secant of a circle is a straight line of' indefinite 
length which cuts the circumference at two points. 

2. If a secant moves in such a way that the two points 
in which it cute the circle continually approach one another, 
then in the ultimate position when these two points become 
one, the secant becomes a tangent to the circle, and is said to 
touch it at the point at which the two intersections coincide. 
This point is called the point of contact. 

For instance : 

(i) Lot a seoant out tho oirolo at tlio points 
P and Q, and suppose it to recode fioin llto 
centra, moving always parallel to its original 
position; then the two points P and Q, will 
clearly approach one another and finally coin- 
cide. 

In tho ultimate position when P and Q 
become one point, tho straight line becomes a 
tangent to tho oirolo at that point. 


(ii) Let a secant out the oirolo at tho points 
P and Q, and suppose it to bo turned about 
tho point P so that while P remains fixed, Q 
moves on the circumferanco nearer and nearer 
to P. Then tho lino PQ, in its ultimate 
position, when Q coincides with P, is a 
tangent at the point P. 

Since a secant can cut a circle at two points only, it is clear 
that a tangent can have only one point in common with the 
circumference, namely the point of contact, at which two 
points of section coincide. Hence we may define a tangent as 
follows ; 

'3. . A tangent to a circle is a straight line which meets 
the circumference at one point only ; and though produced 
indefinitely does not cut the circumference. 
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4. Let; two circles intersect (as in Fig. 1) in the points 
P and Q, and let one of the circles turn about the point P, 
which remains fixed, in such a way that Q continually 
approaches P. Then in the ultimate position, when Q, coin- 
cides with P (as in Figs. 2 and 3), the circles are said to 
touch one another at P. 

Since two circles cannot intersect in more than two points, 
two circles which touch one another cannot have more than 
one point in common, namely the point of contact at which the 
two points of section coincide. Hence circles are said to touch 
one another when they meet, but do not cut one another. 

Note. When each of the circles whioh meet is outside the other, as 
in Fig. 2, they are said to touch one another externally, or to have 
external 'contact: when one of the circles is within the other, as in 
Fig. 3, the first is said to touch the other internally, or to have 
internal contact with it. 


Inference from Definitions 2 and 4. 

If in Fig. 1, TQP is a common chord of two circles one 
of which is made to turn about P, then when Q is brought 
into coincidence with P, the line TP passes through two coinci- 
dent points on each circle, as in Figs. 2 and 3, and therefore 
becomes a tangent to each circle. Hence 

Two circles which touch one another have a common tangent at 
their point of contact) 



174 


GEOMETRY. 


' Theorem 46. 


T7ie~tangent -af^any point of a circle is perpendicular to the 
radius drawn to the point of contact. 



Let PT be a tangent at the point P to a circle whose centre 
is O. 

It is required to prove that PT is perpendicular to the radius OP. 

Proof. Take any point Q in PT, and join OQ. 

Then since PT is a tangent, eveiy point in it except P is 
outside the circle. 

OQ is greater than the radius OP, 

'y And this is true for every point Q, in PT; 

.*. OP'is'We'slidftest distance from O to PT. 

Hence OP is perp. to PT. Theor. 12, Cor. 1. 

Q.E.D. 

Corollary 1 . Since there can be only one perpendicular 
to OP at the point P, it follows that one- and only one tangent 
can be drawn to a circle at a given point on the circumference. 

Corollary 2. Since there can be only one perpendicular 
to PT at the point P, it follows that the perpendicular to a 
tangent at its point of contact passes through the centre. 

Corollary 3. Since there can be only one perpendicular 
from O to the line PT, it follows that the radius drawn perpen- 
dicular to the tangent passes through the point of contact. 
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' Theorem 46. [By the Method of Limits.] 

The tangent at any point of a circle is perpendicular to the 
radius drawn to the point of contact. 


Fig.r. Fig'. 2 . 

Let P he a point on a circle whose centre is O. 

It is required to prove that the tangent at P is perpendicular to 
the radius OP. 

Let RQ.PT (Fig. 1) he a secant cutting the circle at Q, and P. 
Join OQ, OP. 

Proof. Because OP = OQ, 

.•. the L OQP = the l OPQ ; 

.*. the supplements of these angles are equal; 
that is, the AOQR = the lO PT, 
and this is true however near Q is to P. 

Now let the secant QP be turned about the point P so that 
Q continually approaches and finally coincides with P ; then 
in the ultimate position, 

(i) the secant RT becomes the 

(ii) OQ coincides with OP; 
and therefore the equal l* OQR, OPT become adjacent, 

.*. OP is perp. to RT. Q.E.D. 

Note. The method of proof employed here is known as the Method 
of Limits. 


tangent at P, 


} % 
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Theorem 47. 

Two tangents cm be 'drawn to a circle from>an external point. 



Let PCJR be a circle whose centre is 0, and let T be an 
external point. 

It is required to prove that there can be two tangents drawn to 
the circle from T. 

Join OT, and let TSO be the circle on OT as diameter. 

This circle will cut the QPQ.R in two points, since T is 
without, and O is within, the O PQR. Let P and Q be these 
points. 

Join TP, TQ ; OP, OQ. 


Proof. "Now each of the l ' TPO, TQO, being in a semi- 
circle, is a rt. angle ; 

.*. TP, TQ are perp. to the radii OP, OQ respectively. 

TP, TQ are tangents at P and Q. Theor. 46. 
' ' Q.E.D. 


Corollary. The two tangents to a circle from an external 
point are equal , and subtend equal angles at the centre. 

For in the A 1 TPO, TQO, 


because ] 


the 4.” TPO, TQO are right angles, 
the hypotenuse TO is common, 
and OP = OQ, being radii; 


/. TP = TQ, 

and the L TOP = the l TOO. 


Theor. 18, 
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EXERCISES ON THE TANGENT. 

[Numerical and Graphical.) 

1. Draw two concentric circles with radii O'O cm. and 3'0 cm. 
Draw a series of chords of the former to touch the latter. Calculate 
and measure their lengths, and account for their being equal. 

2. In a circle of radius 1*0" draw a number of chords each 1'6" in’ 
length. Shew that they all touch a concentric circle, and find its 
radius. 

3. The diameters of two concentric circles are respectively 10 ’0 cm. 
and -5-0 cm. : find to the nearest millimetre the length of any chord of 
the outer cirole which touches the inner, and check your work l>3 r 
measurement. 

4. In the figure of Theprem 47, if OP =5", TO =13", find the length 
of the tangents from T. 'Draw the figure (scale 2 cm. to 5"), and 
measure to the nearest degree the angles subtended at O by the 
tangents. 

5. The tangents from T to a circle whose radius is 0 - 7" are each 2 ‘4 "j 
in length. Find the distance of T from the centre of the circle. Draw ' 
the figure and check your result graphically. 


/ (Theoretical.) 

t. ** 

v'6. The centre of any circle which touches tioo intersecting straight 
lines must lie on the bisector of the angle between them. 

7. AB and AC are two tangents to a circle whose centre is O ; shew 
that AO bisects the chord of contact BC at right angles. 

8. If PQ is joined in the figure of Theorem 47, shew that the angle 
PTQ is double the angle OPQ. 

9. Two parallel tangents to a circle intercept on any third tangent 
a segment which subtends a right angle at the centre. 

10. The diameter of a circle bisects all chords which are parallel to 
the tangent at either extremity. 

’Mi. Find the locus of the centres of all circles which touch a given 
straight line at a given point. • ’ it , _ 

12. Find the locus of the centres of all circles which touch each of 
two parallel straight lines. 

. 13. Find (he locus of the centres of all circles which touch each of two 
intersecting straight lines of unlimited length. 

14. In any quadrilateral circumscribed about a circle, the sum of one / 
pair of opposite sides is equal to the sum of the other pair. 

State and prove the converse theorem. , 

-i 15. If a quadrilateral is described about a circle, the angles sub r X 
"tended at the centre by any two opposite sides are supplementary. 

H.S.O. m 
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Theorem 48. 

If two circles touch one another , the centres a/nd the point oj 
contact are in one straight line. 



Let two circles whose centres are O and Q touch at the 
point P. 

It is required to prove that O, K'andQ . are i n me straight line. 
Join OP, QP. 


Proof. Since the given circles touch at P, they have a 
common tangent at that point. Page 173. 

Suppose PT to touch both circles at P. 


Then since OP and QP are radii drawn to the point of 
contact, 

OP and QP are both perp. to PT ; 

.■. OP and QP are in one st. line. Theory. 


Thrft is, the points 0, P, and Q are in one st. line Q E.D .jnaZ 


v Corollaries, (i) If two circles touch externally the distan 
between their centres is equal to the sum of their tadii. \ 

(ii) If two circles touch internally the distance between tlu\ 
centres is equal to the difference of their radii. 
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EXERCISES ON THE CONTACT OF CIRCLES. 


{Numerical and Graphical.) 


1. From centres 2-6" apart draw two circles with radii 1*7" and 0’9" 
respectively. Why and where do these circles touch one another ? 

If circles of the above radii are drawn from centres 0’8" apart, prove 
that they touch. How and why does the contact differ from that in 
the former case ? ’ 


2. Draw a triangle ABC in which a = 8 cm., 6=7 cm., and c=6 cm. 
From A, B, and C as centres draw circles of radii 2*5 cm., 3-5 cm., and 
4*5^mi. respectively ; and shew that these circles touch in pairs. 

V 3. In. the triangle ABC, right-angled at C, a~S cm. and 6=6 cm. ; 
and from centre A with radius 7 cm. a circle is drawn. What must he 
the radius of a circle drawn from centre B to touch the first circle ? 


4. A and B are the centres of two fixed circles which touch in- 
ternally. If P is the centre of any circle which touches the larger circle 
internally and the smaller externally, prove that AP+BP is constant. 

If tho fixed circles have radii 5‘0 cm. and 3'0 cm. respectively, verify 
the general result by taking different positions for P. 

is - * 1 j ne 4 ” lon ? th ,> and 9 is its middle P°int. On AB, 
AU, OB semicircles are described. Shew that if a circle is inscribed in 
the space enclosed by the three semicircles its radius must be §". 


{Theoretical.) 

: , nh t/fj i7 y U *$•* A* Point of contact of two circles 

whos? centres are A and B, cutting the circumferences at P and Q re- 
spectively; shew that the radii AP and BQ, are parallel. 

k w * 

.JS 0 ci . re \ es touoh externally, and. through the point of contact a 

Hn 'f 0 -f E dr ‘? wn te. rmina ted by the*' circumferences j show that the 
n gents at its extremities are parallel. 

tj-18. Find the locus of the centres of all circles 
* / w which touch a given circle ojt a given point ; 

./ (ii) which are of given radius arjtd touch a given circle. 

*>«., ’feiswa * ** m 
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"Theorem 49. [Euclid III. 32.J 

The angles made by a tangent to a circle with a chord drawn 
from the point of contact are respectively equal to the angles, in 
the alternate segments of the circle. 



Let EF touch the ©ABC at B, and let BD he a chord drawn 
from B, the point of contact. 

It is required to prove that 

(i) the l FBD = ike angle in the alternate segment BAD ; 

(ii) the a.EBD = ?/« angle in the, alternate segment BCD. 

Let BA he the diameter through B, and C any point in the 
arc of the segment which does not contain A. 

Join AD, DC, CB. 

Proof. Because the l ADB in a semi-circle is a rt. angle, 

.\ the l‘ DBA, BAD together = a rt. angle. 

But since EBF is a tangent, and BA a diameter, 

.'. the l f|ba is a rt. angle, 
the L FBA = tl!ie /."DBA, BAD together. 

Take away the common L DBA, 

then the FBD = the l BAD,' which is in the alternate segment. 

Again because ABOD is a cyclic quadrilateral, 

.•. the l BCD = the! supplement of the l BAD 
= the Supplement of the L FBD 
=theL.EBD; 

the l EBD = the L BCD, jwhich is in the alternate segment. 

Q,E.D. 



ALTERNATE SEGMENT. 




EXERCISES ON THEOREM 49 . 

1. In the figure of Theorem 49, if the L FBD=72°, write down the 
values of the A® BAD, BCD, EBD. 

2. Use this theorem to shew that tangents to a circle from an 

external point are equal. 1 

VjJ. Through A, the point of contact of two circles, chords APQ, N 
AXY are drawn : shew that PX and QY arc parallel. 

Prove this (i) for internal, (ii) for external contact. 

4. AB is the common chord of two circles, one of which passes 
through O, the centre of the other: prove that OA bisects the angle 
betweep'the common chord and the tangent to the first circle at A. 

5. ^ Two oircles intersect at A and B ; and through P, any point on , 
one of them, straight lines PAC, PBD are drawn to cut the other at C ' 
and D : show that CD is parallel to the tangent at P. 

6. If from the point of contact of a tangent to a circle a chord is / 

drawn, the perpendiculars dropped on the tangent and chord from the J 
middle point of either arc cut off by the chord are equal. 1 


EXERCISES ON TIIE METHOD OF LIMITS. 

1. Prove Theorem 49 by the Method of Limits. 

[Let ACB be a segment of a circle of 

which AB is the chord ; and lot PAT' be any 
secant through A. ‘ Join PB. 

Then the L BCA=the L BPA ; 

Theor. 39. 

and this is true however near P approaches 
to A. 

If P moves up to coincidence with A, 
then the secant PAT' becomes the tangent 
AT, and the L BPA becomes the L BAT. 

, ultimately, tho L BAT =the L BCA, in 
the alt. segment.] 

2. From Theorem 31, prove by the 
Method of .Limits that 

The straight line drawn perpendicular to the diameter of a circle at its 
extremity is a tangent. 

f 3. Deduce Theorem 48 from tho property that the line of centres 
bisects a common chord at nght angles. 

4. Deduce Theorem 49 from Ex. 5, page 163. 

5. Deduce Theorem 46 from Theorem 41. 
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PROBLEMS. 

GEOMETRICAL ANALYSIS. 

Hitherto the Propositions of this text-hook have been 
arranged Synthetically, that is to say, by building up known 
results in order to obtain a new result. 

But this arrangement, though convincing as an argument, 
in most cases affords little clue as to the way in which the 
construction or proof was discovered. We therefore draw the 
student’s attention to the following hints. 

In attempting to solve a problem begin by assuming the 
required result ; then by working backwards, trace the conse- 
quences of the assumption, and try to ascertain its dependence 
on some condition or known theorem which suggests the 
necessary construction. If this attempt is successful, the 
steps of the argument may in general be re-arranged in 
reverse order, and the construction and proof presented in a 
synthetic form. 

This unravelling of the conditions of a proposition in order 
to trace it back to some earlier principle on which it depends, 
is called geometrical analysis : it is the natural way of attack- 
ing the harder types of exercises, and it is especially useful in 
solving problems. 

Although the above directions do not amount to a method, 
they often furnish a very effective mode of searching far a 
suggestion. The approach by analysis will be illustrated in 
some of the following problems. * [See Problems 23, 28, 29.] 
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Problem 20. 

Given a circle, or an arc of a circle, to find its centre. 

Let ABC be an arc of a circle 
whose centre is to be found. 

Construction. Take two chords 
AB, BC, and bisect them at right 
angles by the lines DE, FG, meeting 
at O. - Prob. 2. 

Then 0 is the required centre. 

Proof. Every point in D E is equi- 
distant from A and B. Prob. 14. 

And every point in FG is equidistant from B and C. 

/. O is equidistant from A, B, and C. 

O is the centre of the circle ABC. Tlieor. 33. 



Problem 21. 


To bisect a given arc. 

Let ADB be the given arc to be bisected. 

Construction. Join AB, and bisect it at __ 
right angles by CD meeting the arc at D. 

Prob. 2. 

- Then the arc is bisected at D. 



Proof. Join DA, DB. Y 

Then every point on CD is equidistant from A and B ; 

Prob. 14. 


.•. DA=DB; 

the l DBA = the l DAB ; , Theorem fej. 

.*. the arcs, which subtend these angles at the O”, are equals 
that is, the arc DA = the arc DB. 
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Problem 22. 

To chaw a tangent to a circle from a given external point. 



Let PCJR be the given circle, with its centre at O ; and let T 
be the point from which a tangent is to be drawn. 

Construction. Join TO, and on it describe a semi-circle TPO 
to cut the circle at P. 

Join TP. 

Then TP is the required tangent. 

Proof. Join OP. 

Then since the lTPO, being in a somi-circlc, is a rt. angle, 
TP is at right angles to flic radius OP. 

.'. TP is a tangent at P. Tlieor. 46. 

Since the semi-circle may be described on either side of TO, 
a second tangent TQ, can be drawn from T, as shewn in the 
figure. 

Note. Suppose the point T to approach the given circle, then the 
angle PTQ, giadually increases. When T icaclius the circumference, 
the angle PTQ, becomes a straight angle, and the two tangents coincide. 
WhenT enters the circle, no tangent can bo drawn. [See Ohs. p. 94.] 



COMMON TANGENTS. 
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Problem 23. 

To dmw a common tangent to two circles. 



Let A be the centre of the greater circle, and a its radius ; 
and let B be the centre of the smaller circle, and b its radius. 

Analysis. Suppose DE to touch the circles at D and E. 
Then the radii AD, BE are both perp. to DE,.and therefore 
par 1 to one another. 

Now if BC were drawn par 1 to DE, then the fig. DB would 
be a rectangle, so that CD = BE *= b. 

And if AD, BE are on the same side of AB, 

then AC = a - b, and the L ACB is a rt. angle. 

These hints enable us to draw BC" first, and thus lead" to the 
following construction. 

Construction. "With centre A, and radius equal to the 
difference of the radii of the given circles, describe a circle, 
and draw BC to touch it. 

Join AC, and produce it to meet the circle (A) at D. 

Through B draw the radius BE par 1 to AD and in the same 
sense. Join DE. 

Then DE- is a common tangent to the given circles. 

Ohs. Since two tangents, such as BC, can in general be 
drawn from B to the circle of construction, this method will 
furnish Wo common tangents to the given circles. These are 
called the direct common tangents. 
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Again, if the circles arc external to one another two moro 
common tangents may bo drawn. 

Analysis. In this case we may suppose DE to touch the 
circles at D and E so that the radii AD, BE fall on opjmsitc sides 
of AB. 

Then BC, drawn par 1 to the supposed common tangent DE, 
would meet AD produced at C j and we should now have 

AC = AD + DC = a + h ; and, as before, the L ACB is a rt. angle. 

Hence the following construction. 

Construction. With centre A, and radius equal to the sum 
of the radii of the given circles, describe a circle, and draw 
BC to touch it. 

Then proceed as in the first ease, but draw BE in the sense 
opposite to AD. 

Ohs. As before, two tangents may be drawn from B to the 
circle of construction ; hence two common tangents may bo 
thus drawn to the given circles Those are called the 
trans verse common tangents. 

, IWo leave as an exercise to the student the arrangement of tlio proof 
in synthetic form.] 


COMMON TANGENTS. 


187 


EXERCISES ON COMMON TANGENTS. 

{Numerical and Graphical.) 

1. How many common tangents can bo drawn in each of the 
following cases ? 

(i) when the given circles intersect ; 

(ii) when they have external contact ; 

(iii) when they have internal contact. 

Illustrate your answer by drawing two circles of radii 1*4" and l'O" 
respectively, 

(i) with 1 •0" between the centres ; 

(ii) with 2 ‘4" between the centres ; 

(iii) with 0'4° between the centres ; 

(iv) with 3 •O'' between the centres. 

Draw thjuOommon tangents in each case, and note where the general 
construcjioii fails, or is modified. 

2. Vi)raw two circles with radii 2 , 0" and 0‘S", placing their centres 
2‘0" apart. Draw the common tangents, and find their lengths between 
the points of contact, both by calculation and by measurement. 


. 


3. Draw all the common tangents to two circles whose centres are 
1 •» apart and whose radii are O’G" and 1 ’2" respectively. Calculate and 
measure the length of the direct common tangents. 

4 -’ Two circles of radii 1*7" and l'O" have their centres 2- 1" apart. 
Draw their common tangents and find their lengths. Also find the 
length of the common chord. Produce the common chord and shew 
by measurement that it bisects the common tangents. 

two circles with radii 1-6" and 0'S" and with their centres 
5^fP an . Draw all their common tangents. ^ 

Draw the direct common tangents to two equal circles." 4 
• 'Jf ( Theoretical .) 

'drawn £ t \ vo , dirc ° t > or tbe two transverse, common tangents are- 

oneanShe^^w^ 11 ^? 8 ? 18 a J. e drawn circles external to 

mi “ lso the Wo trara - 

1 iro i es ^ av ? exfcern >^ contact at A, and a direct common 
tbeU at P ’ a ' = ^ PQ ” 
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On the Construction of Circles. 

In order to draw a circle we must know (i) the position of 
the centre, (ii) the length of the radius. 

(i) To find the position of the centre, two conditions are 
needed, each giving a locus on which the centre must lie; so 
that the one or more points in which the two loci intersect 
arc possible positions of the required centre, as explained on 
page 93. 

(ii) The position of the centre being thus fixed, the radius 
is deter min ed if we know (or can find) any point on the 
circumference. 

Heuce in order to draw a circle ilute independent data are 
required. 

For example, we may draw a circle if we are given 
(i) three points on the circumference ; 
or (ii) three tangent lines ; 

or (hi) one point on the circumference, one tangent, and its point 
of contact. 

It Mill however often happen that more than one circle can be drawn 
satisfying three given conditions. 

Before .attempting the constructions of the next Exercise the 
student should make himself familiar with the following loci. 

/ V * r / ' » 

\/(i) The loots of the centres of aides which pass through two 
given points. > . - 

'(ii) The locus of the centres of circles which touch a given straight 
line at a given point . , , c- 

'''(iii) The focus of the centres of circles which touch a given circle 
.at a given point. * . 

v/fiv) The locus of the centres of cii clcs which touch a ghen straight 
line, and have a given ladius. 

, y(v) The loots of the centres of ciiclcs which touch a given circle, 
* and have a given radius. 

v/(\*i) The locus of the centres of cirdes which touch two given 
jitraight lines . , * 



THE CONSTRUCTION OF CIRCLES. 
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EXERCISES. 


1. Draw a circle to pass through three given points. 

2. If a circle touches a given line PQ, at a point A, on what line ' 
must its centre lie ? 

If a circle passes through two given points A and B, on what line 
must its centre lie ? 

Hence draw o circle to touch a straight line PQ at the point A, and 
to pass through another given point B. 

3. If a circle touches a given circle whose centre is C at the point A, 
on what line must its centre lie ? 

Draw a circle to touch the given circle (C) at the point A, and to pass 
through a given point B. 

JC 4. A point P is 4"5 cm. distant from a straight line AB. Draw two s 
circles of radius 3 ‘2 bin. to pass through P and to touch AB. 

f 5. Given two circles of radius 3-0 cm. and 2 - 0 cm. respectively, 
their centres being 6-0 cm. apart ; draw a circle of radius 3*5 cm. to 
touch each of the given circles externally. 

How many solutions will there he? What is the radius of the 
smallest circle that touches each of the given circles externally ? 

6. If a circle touches two straight lines OA, OB, on what line must-' 
its centre lie ? 

Draw OA, OB, making an angle of 76°, and describe a circle of radius 
1 m 2' to touch both lines. 

7. Given a circle of radius 3 ‘5 cm., with its centre 5*0 cm. from a 
given straight line AB ; draw two circles of radius 2-5 cm. to touch the 
given circle and the line AB. 

^ 8. Devise a construction for drawing a circle to touch each of two 
..parallel straight lines and a transversal. 

Shew that two such circles can bo drawn, and that they are equal. 

' . Describe a circle to touch a given circle, and also to touch a . 
given straight line at a given point. [Sec page 311.] 

— ; 10* Describe a circle to touch a given straight line, and to touch a 
given circle at a given point. - , . 

• ’ " ■ i 1 . .1 j ’’ \ • ■ _ • . : 1 ' ■ ■ ' . 

Shew how to draw a circle to uJlich each of three given straight 
lines of which no two are parallel. 

How many such circles can be drawn ? 


[Further Examples on the Construction of 
pp. 246, 311.] 


Circles will be found on 
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Problem 24. 

On a given straight line to describe a segment of a circle which 
shall contain an angle equal to a given angle. 



Let AB be the given st line, and C the given angle. 

It is required to describe on AB a segment of a circ? containing 
an angle equal to C. t 

Construction. At A in BA, make the l BAD equal to the L 0. 
Prom A draw AG perp. to AD. 

Bisect AB at rt. angles by FG, meeting AG in G. Prob. 2. 


Proof. Join GB. 

Now every point in FG is equidistant from A and B ; 

• Prob. 14. 

•\ GA = GB. 

With centre G, and radius GA, draw a circle, which must 
pass through B, .and touch AD at A. Them-. 46. 

Then the segment AHB, alternate to the l BAD, contains an 
angle equal to C. Theor. 49. 

// 

^Note. In 

.] 


■piNOTE. in tlio particular case when tho given angle is a rt. angle, the 
fegment required will be the scrai-oirclc on AB nsdiameter. [Theorem 41.] 



PROBLEMS. 
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- Corollary. To cut off from a given circle a segment containing 
a given angle, it is enough to draw a tangent to the circle, and from 
the point of contact to draw a chard making with the tangent an 
angle equal to the given angle. 

16 was proved on page 161 that 

The locus of the veiiices of triangles which stand on the same base 
and have a given vertical angle, is the arc of the segment standing 
on this base, and containing an angle equal to the given angle. 

The following Problems are derived from this result by the 
Method of Intersection of Loci [page 93], 


1 .ff Describe a triangle oifa given base having a given vertical angle\ 
andthaving its vertex on a given straight line. 

%■ Construct a triangle having given the base, the vertical angle, and 
one other side. 
the altitude. 

the length of the median which bisects the base. 

(iv) the foot of the perpendicular from the vertex to the base. ' 

3. Construct a triangle having given the base, the vertical angle, and 
the point at tohich the base is cut by the bisector of the vertical angle. 

[Let AB be the base, X the given point in it, and K the given angle. 
On AB describe a segment of a circle containing an angle equal to K ; 
complete the O re by drawing the arc APB. Bisect the arc APB at P : 
join PX, and produce it to meet the O™ at C. Then ABC is the 
required triangle.] 

A _ 

t /'*• Struct a triangle having given the base , the vertical angle, and \ 

/ the siim of the remaining sides. 

/ [Lot AB be the given base, K the given angle, and H a line equal to 
the sum of the sides. On AB describe a segment containing an angle 
equal to K, also another segment containing an angle equal to half the 
L K. With centre A, and radius H, describe a circle cutting the arc of 
the latter segment at X and Y. Join AX (or AY) cutting the are of the 
first segment at C^' Then ABCJLs^thg required triangle.] 

5. _ Construct a triangle having given the base, the vertical angle, and*. 
■ the difference of the remaining sides. 
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CIRCLES IN RELATION TO RECTILINEAL FIGURES. 


Definitions. 


1. A Polygon is a rectilineal figure hounded by more than 
four sides 


A Polygon of 

J) 

» 

M 


jfoe sides, 
sia: sides' * * 
seven sides. . 
eight sides / 
ten sides 
twelve sides 
fifteen sides 


called a Pentagon, 

„ Hexagon, 

- „ Heptagon, 

„ Octagon, 

„ Decagon, - 

„ Dodecagon, 

„ Quindecagon. 


2. A Polygon is Regular when all its sides are equal, and 
all its angles are equal. 


3. A rectilineal figure is said to be in- 
scribed in a circle, when all its angular points 
are on the circumference of the circle ; and a 
circle is said to bo circumscribed about a recti- 
lineal figure, when the circumference of the 
circle passes through all the angular points of 
the figure. 



4. A circle is said to be inscribed in a 
rectilineal figure, when the circumference of 
the circle is touched by each side of the figure ; 
and a rectilineal figure is said to be circum- 
scribed about a circle, when each side of the 
figure is a tangent to the circle. 




PROBLEMS ON TRIANGLES AND CIRCLES. 
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Problem 25. 

To circumscribe a circle about a given triangle. 



Let ABC be the triangle, about which a circle is to be 
drawn. 

Construction. Bisect AB and AC at rt. angles by DS and 
ES, meeting at S. Prob. 2. 

Then S is the centre of the required circle. 

Proof. Now every, point in DS is equidistant from A 
and B; Prob. 14. 

and etery point in ES is equidistant from A and C ; 

.'. S is equidistant from A, B, and C. 

With centre S, and radius SA describe a circle; this will 
pass through B and C, and is, therefore, the required circum- 
circle. 

Ohs. It will bo found that if the given trianglefis acute- 
angled, the centre of the circum-circle falls within it: if it 
is a ilght-angled triangle, the centre falls on the hypotenuse : 
if it is an obtuse-angled triangle, the centre falls without the 
triangle. 

Norn From page 94 it is seen that if S is joined to the middle 
point 'of BC, then the joining line is perpendicular to BC. 

Hence the perpendiculars drawn to (he sides of a triangle from their 
middle points are concurrent, the point of intersection being the centre 
of the circle circumscribed about the triangle. 

- h.s.g. ' y 
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Problem 26. 

To inscribe a circle in a given Iriangle. 
A 



Let ABC bo the triangle, in which a circle is to he inscribed. 


Construction. Bisect the c? ABC, ACB by the st. lines Bl, 
Cl, which intersect at I. p 10 b. 1. 

Then I is the centre of the required circle. 


Proof. From I draw ID, IE, IF perp. to BC, CA, AB. 

Then every point in Bl is equidistant fi'om BC, BA ; Prob. 15. 

.-. ID = IF. 

And every point in Cl is equidistant from CB, CA : 

ID = IE. 

.\ ID, IE, IF are all equal. 

With centre I and radius ID draw a circle; 
this will pass through the points E and F. 

Also the circle will touch the sides BC, CA, AB, 
because the angles at D, E, F are right angles. 

.’. the © DEF is inscribed in the A ABC. 


bao? 11 Al i! i ”” d ' Al bis “ fe 

Definition. 


A circle which touches one side of a triangle and the other 
two sides produced is called an escribed circle of the triangle. 
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Problem 27. fb. ■ 
To draw an escribed circle of a given hiangle. 



Let ABC be the given triangle of which the sides AB, AC are 
produced to D and E. 

It is required to describe a circle touching BC, and AB, AC 
produced. 


Construction. Bisect the a'CBD, BCE by the st. lines BL, 
Clj which intersect at l lt ' 

Then |j is the centre of the required cii’clc. 

Proof. From l x draw l,F, IjG/ \ X H perp. to AD, BC, AE. 

Then every point in Blj is equidistant from BD, BC ; Prob. 15. 

.-. IjF=IjG. 

Similarly ljG = l 3 H. 

.*. IjF, IjG, IjB are all equal. 

With centre l 3 and radius I 3 F describe a circle; 
this -null pass through the points G and H. 

Also the circle will touch AD, BC, and AE, 
because the angles at F, G, H are rt. angles. 

.*. the GFGH is an escribed cii’cle of the A ABC. 


' Note 1. It is clear that every triangle 
Their centres are known as the Ex-centres. 


has three escribed circles. 



.,-Tl 16 bisectors of two exterior angles of a triangle and the hmclcm of the 
icribeddrSe COncumnt> the poblt °f ™ ta '«edion being the centre of an 
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Problem 28. 



Lot ABC be the given circlOj and DEF the given triangle. 

Analysis. A A ABC, equiangular to the A DEF, is inscribed 
in the circle, if from any point A on the O” two chords AB, AC 
can he so placed that, on joining BC, the z.B = the aE, and 
the lO — the l F ; for then the l A = the L D. Thwr. 16. 

Now the L B, in the segment ABC, suggests the equal angle 
between the chord AC and the tangent at its extremity 
(Tlieor. 49.) ; so that, if at A we draw the tangent GAH, 
then the l HAC = the L E ; 
and similarly, the l GAB = the L F. 

Reversing these steps, we have tlio following construction. 

Construction. At any point A on the Q~ of the' 0 ABC 
draw the tangent GAH. Prdb. 22. 

At A make the L GAB equal to the L F, 
and make the L HAC equal to the l E. 

Join BC. 

Then ABC is the required triangle. 


Note. In drawing the figure on a larger scale the student should 
the construction lines for the tangent GAH and for the angles 
vaAts, HAC. A similar remark applies to the next Problem. 
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Problem 29. 

Abend a given circle to circumscribe a triangle equiangular to 
a given triangle. . * 


D 



G E F H 


Let ABC be the given circle, and DEF the given triangle. 

Analysis. Suppose LMN to be a circumscribed triangle in 
which the a M = the a E, the i. N = the A F, and consequently, 
the” A L = the A D. 

Let vis consider the radii KA, KB, KC, drawn to the points of 
contact of the sides ; for the tangents LM, IVIN, NL could be 
drawn if we knew the relative positions of KA, KB, KC, that is, 
if we knew the a“ BKA, BKC. 

Now from the quad 1 . BKAM, since the A* B and A are rt. A’, 
the a'BKA = 180° - M = 180°- E; 

similarly the a BKC = 1 80° - N = 1 80° - F. 

Hence we have the following construction. 

Construction. Produce EF both ways to G and H. 

Find K the centre of the O ABC, 
and draw any radius KB. 

At K make the a BKA equal to the A DEG j 
and make the a BKC equal to the A DFH. 

Through A, B, C draw LM, MN, NL perp. to KA, KB, KC. 

Then LMN is the required triangle. 

[The student should now arrange the proof synthetically.] 
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EXERCISES. 


On Circles and Triangles. 


(Inscriptions and Circumscriptions.) 

\y iy In a circle of radius 5 cm. inscribe an equilateral triangle ; and 
about the same circle circumscribe a second equilateral triangle. In 
each caso state and justify your construction. 

; 2. Draw an equilateral triangle on a side of 8 cm., nnd find by 
'baloulation and measurement (to the nearest millimetre) the radii of 
tho inscribed, circumsoribed, and escribed circles. 

Explain why the second and third radii are respectively double and 
troblo of tho first. 

Draw triangles from the following data : 

(i) o=2-5", B=66°, C=50*j 

(ii) a=2-S", B=72°, C=44°; 

(iii) a=2’5", B=41°, C=23°. 

Ciroumsoribe a cirole about eaoli triangle, and measure the radii 
. to tho nearest hundredth of an inch. Account for the tlnee rosults 
being tho same, by comparing the vortical angles. 


■ 4. In a oirole of radius 4 cm. inscribe an equilateral triangle, v 

Calculate tho length of its side to tho nearest millimetre ; and verify 
by measurement. 

Find the area of the inscribed equilateral triangle, and shew that it 
is one quarter of the circumscribed equilateral triangle. 


5. In tho triangle ABC, if I is tho centre, and r the length of tho 
radius of the m-circlo, show that 

AIBC=£or; AICA=J6r; AIAB=$cr. 

Henco prove that A ABC = 4 (a + 6 + c)r. 

Verify this formula by measurements for a triangle whoso 6ides are - 
9 cm., 8 cm., and 7 cm. 

A if »i is tho radius of the ex-cirole opposite to A, prove that 

AABCsiffc + c-a)?*!. 

If o=S om., 6=4 cm., c=3 cm., verify this result by measurement. 

' 7. Find by measurement the oirouni-radius of the triangle ABC in 
which re=G - 3 om., 6=3 - 0 cm., and c=5‘l cm. 

Draw and measure tho perpendiculars from A, B, C to the opposite 
sides. If their lengths are represented by p l , p„, p z , verify tho following 
statement : 


eiroum-radiuB= 


_6c 

2.Pi 


co _ a6 

2p. - 2p 3 ' 
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EXERCISES. 

On Circles and Squares. 


[Inscriptions and Circumscriptions .) 


'*1. Draw a circle of radius 1 ‘o", and find a construction for inscribing 
a square in it. 

Calculate the length of the side to the nearest hundredth of an inch, 
arid verify by measurement. 

blind the area of the inscribed square. 


'n] 2. Circumscribe a square 
lines of construction. 


about a circle of radius 1 ‘5", showing all » 


Prove that the area of the square circumscribed about £ circle is 
double that of the inscribed square. 


3. Draw a square on a side of 7 ‘5 cm., and state a cons traction for 
inscribing a circle in it. 

Justify your construction by considerations of symmetry. 

4. Circumscribe a circle about a square whose side is 6 cm. 

Measure the diameter to the nearest millimetre, and test your 

drawing by calculation. 

5. In a circle of radius l'S" inscribe a rectangle of which one side 
measures 3'0". Find the approximate length of the other side. 

-V Of all rectangles inscribed in the circle show that the square has the 
greatest area. 

r"^6. A square and an equilateral triangle are inscribed in a circle. 
If a and b denote the lengths of their sides, shew that 

3o?=2f>2. 

7. ABCD is a square inscribed in a circle, and P is any point on the 
arc AD : shew that tho side AD subtends at P an angle three times as 
great as that subtended at P by any one of tho other sides. 


( Problems . Slate your construction, and tjive a theoretical jrroof.) 

8. Circumscribe a rhombus about a given circle. 

'% 9. Inscribe a square in a given square ABCD, so that one of ilG 
angular points shall be at a given point X in AB. 

10. In a given square inscribe tho square of minimum area. 

11. Describe (i) a circle, (ii) a square about a given rectangle, 

12. Inscribe (i) a oircle, (ii) a square in a given quadrant. 
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ON CIRCLES AND REGULAR POLYGONS. 


Problem 30. 


To draw a regular polygon (i) in (ii) about a given circle. 


Let AB, BC, CD, ... be consecutive 
sides of a regular polygon inscribed in 
a circle whose centre is 0. 

Then AOB, BOC, COD, ... arc con- 
gruent isosceles triangles. And if 
the polygon has n sides, each of the 

3(50° 

■L* AOB, BOC, COD, ...=^— — . 

/ » 

' /(i) Thus to inscribe a polygon of n 



draw an angle AOB at the centre equal to - — . This gives 

the length of a side AB ; and chords equal to AB may now be 
set off round the circumference. The resulting figure will 
clearly be equilateral and equiangular. : 

•-T (ii) To circumscribe a polygon of n sides about the circle, 
the points A, B, C, D, ... must be determined as before, and 
tangents drawn to tlio circle at these points. The resulting 
figure may readily be proved equilateral and equiangular. 


Note. This method gives a strict geometrical construction only when 
360° * 

the angle can be drawn with ruler and compasses. 


,* - EXERCISES. 

/* 

, 1. (live stnot constructions for inscribing in a oirclo (radius 4 cm.) 
>{i) a regular hexagon ; (n) a regular ootagon ; (iii) a regular dodecagon. • 

■Ifj 2. About a circle of radius 1’5" circumscribe 

( 1 ) a regular hexagon ; (ii) a regular octagon. ‘ 

Test the constructions by measurement, and justify them by proof. 

» , 3. An equilateral triangle and a regular hexagon are inscribed in a 
given circle, and a and b denote the lengths of their sides : provo that 
(i) area of triangle (area of hexagon); (ii) a 2 =3!> 2 . 

■ ^ means of your protractor inscribe a regular heptagon in a 

circle of radius 2*. Calculate and measure one of its ancles: and 
‘ measure the length of a side. 
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Problem 31. 

To draw a circle (i) in (ii) about a regular polygon. 


Let AB, BC, CD, DE, ... be con- 
secutive sides of a regular polygon 
of n sides. 

Bisect the A* ABC, BCD by BO, 

CO meeting at 0. 

Then O is the centre both of the 
inscribed and circumscribed circle. 

Outline of Proof. Join OD ; and from the congruent 
A‘OCB, OCD, shew that OD bisects the Z.CDE. Hence we 
conclude that 

All the bisectors of the angles of the polygon meet at O. 

(i) Prove that OB = OC— 0D = ... ; from Theorem 6. 

Hence O is the circum-centre. 

(ii) Draw OP, OQ, OR, ... perp. to AB, BC, CD, ... . 

Prove that OP=OQ = OR = ... ; from the cougruent A'OBP, 

OBQ, .... Hence O is the in-centre. 



EXERCISES. 

1. M)raw a regular hexagon on a side of 2‘0". Draw the inscribed 
and circumscribed circles. Calculate and measure their diameters to 
the nearest hundredth of an inch. 

, \ / 

- 2. Shew that the area of a regular hexagon inscribed in a circle is 
three-fourths of that of the circnrascribed hexagon. 

Find the area of a hexagon inscribed in a circle of radius 10 cm. to 
the nearest tenth of a sq. cm. 

3. If ABC is an isosceles triangle inscribed in a circle, having each 
of the angles B and C double of the angle A ; shew that BC is a side of 
a regular pentagon inscribed in the circle. 

4. On a side of 4 cm. construct (without protractor) 

(i) a regular hexagon ; (ii) a regular octagon 

In each case find the approximate area of the figure. 
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THE CIRCUMFERENCE OF A circle. 


By experiment and measurement it is found that the length 
of the circumference of .a circle is roughly 31 times the length of 
its diamotcr : that is to say 

circumference , 


and it can bo proved that this is the same for all circles. 

A more correct value of this ratio is found by theory to ho 
3*1416 ; while correct to 7 places of decimals it is 3*1415926. 
Thus the value 3i (or 3*1425) is too great, and correct to 2 
places only. 

rTho ratio which the circumforcnco of any circle hears to its 
iiamolcr is donoled by the Greek letter it ; so that 
circumference = diameter x w. 

Or, if r denotes the radius of the circle, 

thg.yajues _3^_3JiIg 1 or 
3*1415926, according to tho degreo ofaccuracy required in 
the final rosult. 


Note. Tho theoiclical methods by which ir is evaluated to any 
required degree of accuracy cannot be explained at this stage, but its 
value may bo easily verified by experiment to two decimal places. 

For cxamplo: round a cylinder wrap a strip of paper so that the 
ends overlap. At any point in the overlapping area prick a pin 
through both folds. Unwrap and straighten the strip, then measure 
tho distance between the pin holes : this gives tho length of tho ciroum- 
foronoo. Measure tho dinmetor, and divide tho fii st i c&ult by tho second. 


Ex. 1. From theso data 
find and record tho valuo 
of ir. 

Find the mean of tho 
three results. 


Ex. 2. A fino thread is wound cvonly round a cylinder, and it is 
found that tho length required for 20 complete turns is 75*4". Tho 
diameter of tho cylinder is 1 *2'’ : find roughly tho value of ir. 

Ex. 3. A bioyolo wheel, 28* in diameter, makes 400 revolutions 
in travelling over 077 yards. From this result estimate tho valuo of ir. 


ClRCUMHiUt NCR. 

Diameter. 

Valve oi ir. 

16 *0 cm. 

8*8* 

13*5" 

5*1 cm. 
2*8* 

4*3" 
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CIRCUMFERENCE AND AREA OF A CIRCLE. 

THE AREA OF A CIRCLE. 

Let AB be a side of a polygon of 
n sides circumscribed about a circle 
whose centre is O and radius r . Then 
we have 

Area of polygon 
=n. A AOB 
—n.% AB x OD 
= £ . »AB x r 

— l ( perimeter of polygon) x r ; 
and this is true however many sides the polygon may 

Now if the number of sides is increased without limit, the' 
perimeter and area of the polygon may be made to differ from 
the circumference and area of the circle by quantities smaller 
than any that can be named ; hence ultimately 
Area of circle = i . circumference x r 
= \ . '2rrr x r 
—7cr\ 



ALTERNATIVE METHOD. 



Suppose the circle divided into any oven number of sectors having 
equal central angles : denote the number of sectors by n. 

Let the sectors be placed side by side as represented in the diagram ; 
then the area of the circle = the area of the fig. ABCD 5 
and this is true however great n may be. 

Now as the number of sectors is increased, each arc is decreased; 
so that (i) the outlines AB, CD tend to become straight, and 
(ii) the angles at D and B tend to become rt. angles. 
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Thus when n is increased without limit, the fig. ABCD ultimately 
becomes a rectangle, whoso length is the semi-circumference of the circle,' 
and whoso breadth is its radius. 1 

Area of cirdc—\ . circumference x radius 
^ =|.2jt rxr=m a . 


THE AREA OF A SECTOR. 



If two radii of a circle make an angle of 1°, they cut off 
(i) an arc whose length =3^ of the circumference; 
and (ii) a sector whose area = 3^3 of the circle; 

.*. if the angle AOB contains' D degrees, then 


: (i) the arc AB 


= jjgO ^ lG c * rcum f erc ncc j 


|(ii )$the sector AOB = ^q of the area of the circle . 

= gpQ of (-1 circumference x radius) 
= £ . arc AB x radius. 


THE AREA OF A SEGMENT. 

The area of a minor segment is found by subtracting from 
the corresponding sector the area of the triangle formed by 
the chord and the radii. Thus ^ _ 

• Area of sepment ABC = sector OAOB- trian gle AO EL^ '/^ 

\The area of a major segmeht is most simply foundry 
subtracting the area of the corresponding minor segment from 
the area of the circle. 



circumference and area of a circle. 
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EXERCISES. 

[In each case choose the value of v so as to give a result of the assigned 
degree of accuracy.] 

1. Find to the nearest millimetre the circumferences of the circles 
•'fthfi'BB radix ace (j\ 4‘5 em. (ji\ 100 om. 

2. Find to the nearest hundredth of a square inch the areas of the 
oirclcs whose radii are (i) 2 - 3". (ii) 10 - 6". 

3. Find to two places of decimals the circumference and area of a 
circle inscribed in a square whoso side is 3 - 6 cm. 

4. In a circle of radius 7‘0 cm. a square is described: find to the 
nearest square centimetre the difference between the areas of the circle 
and the square. 

5. Find to the nearest hundredth of a square inch the area of the 
circular ring formed by two concentric circles whose radii are 5*7" and 
4-3". 


6. Shew that the area, of a ring lying between the circumferences of 
two concentric circles is equal to the area of a circle whose radius is 
the length of a tangent to the inner circle from any point on the outer. 

7. A rectangle whose sides are 8‘0 om. and 6-0 cm. is inscribed in a 
circle. Calculate to the nearest tenth of a square centimetre the total 
area of the four segments outside the rectangle. 

8. Find to the nearest tenth of an inch the sido of a square whose 
area is equal to that of a circle of radius 5". 

v 9. A circular ting is formed by the circumference of two cooncntrir 
circles. The area of the ring is 22 square iuohes, and its width is 1 •()"* 
taking ir as find approximately the radii of the two circles. 

10. Find to the nearest hundredth of a square inch the difference 
between the areas of the circumscribed and inscribed circles of an 
equilateral triangle each of whoso sides is 4". 


M" ° n squared paper two oirclcs whose centres are at the 

, 0) and (0, ’8 ), and whose radii are respectively ‘T and 
*, .• f 1 r°ve that the circles touch one another, and find approxima 
their circumferences and areas. 


I approximately 


12. Draw a circle of radius 1-0" having the point fl*6" 1-2") is 
v(Y' r °' i i lB £ dmv two circles with the orfgin as centre and of radii 

““ cach ° £ 11,0 “ 
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EXERCISES. 

On the Inscribed, Circumscribed, and Escribed Circles of a 

Triangle. 

{ Theoretical .) 

1. Describe a circle to touch two parallel straight lines and a third 
straight line which meets them. Show that two such oircles can bo 
drawn, and that they are equal. 

2. Triangles which have equal hoses and equal vertical angles have 
equal circumscribed angles. 

3. ABC is a triangle, and I, S are the centres of the inscribed and 
ciroumsoribed circles; if A, 1, S aro collincar, shew that AB=AC. 

4. The sum of the diameters of the inscribed and ciroumsoribed 
cirolcs of a right-angled triangle is equal to the sum of the sides con- 
taining the right angle. 

5. If the circle inscribed in the triangle ABC touches the sides 
at D, E, F ; show that the angles of the triangle DEF are respectively 

90- 90~|, 90 

6. If I is the centre of the circle inscribed in the triangle ABC, 
and I, the centre of the escribed circle which touolies BC ; shew that 
l,B,l„C arc oonoyclie. 

7. In any triangle the difference of two sides is equal to the 
difference of the segments into which the third side is divided at the 
point of contact of the inscribed circlo. 

8. In the triangle ABC, 1 and S are the centres.of the inscribed and 
circumscribed circles : shew that IS subtends at A an angle equal to 
half the difference of the angles at tho baso of the triangle. 

Hence shew that if AD is drawn perpendicular to BC, then Al is the 
bisector of the angle DAS. 

9. Tho diagonals of a quadrilateral ABCD intersect at O: show 
that tho centres of the eiroles circumscribed about the four triangles 
AOB, BOC, COD, DOA are at the angular points of a parallelogiam. 

10. In any triangle ABC, if I is tho centre of the inscribed circle, 
and if Al is produced to meet the ciroumsoribed circle at O ; shew that 
O is the centre of tho circlo circumscribed about the triangle BiC. 

11. Given tho baso, altitude, and the radius of the ciroumsoribed 
circle ; construct tho triangle. 

12. Tlirco oircles whose centres are A, B, C touch one another 
externally two by two at D, E, F : shew that tho inscribed circle of 
tho triangle ABC is the ciraumscribed oirole of the triangle DEF. 



THE ORTHOCENTRE OF A TRIANGLE. 
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THEOREMS AND EXAMPLES ON CIRCLES AND 
TRIANGLES. 

’THE ORTHOCENTRE OF A TRIANGLE. 

x. The perpendiculars drawn front the vertices of a triangle to the 
opposite sides are concurrent. 

In the A ABC, let AD, BE be the 
perp* drawn from A and B to the opposite 
sides ; and let them intersect at 0. 

• Join CO ; and produce it to meet AB at 
F. 

It is required to shew that CF is perp. 
to AB. 

Join DE. 

Then, because the A*OEC, ODC are rt. 
angles, 

the points O, E, C, D are coneyelic : 

.*. the A DEC=the A DOC, in the same segment ; 

= the vert. opp. AFOA. 

Again, because the A* AEB, ADB are rt. angles, 

.*. the points A, E, D, B are coneyelic : 

.’. the A DEB— the ADAB, in the same Segment. 

.'. the sum of the A* FOA, FAO=thc sum of the A* DEC, DEB 

=a rt. angle : 

/. the remaining AAFO=a rt. angle : Them'. 16. 

that is, CF is perp. to AB. 

Hence the three perp* AD, BE, CF meet at the point O. 

Q.E.D. 



Definitions. 


(i) The intersection of the perpendiculars drawn from the 
yertices of a triangle to the opposite sides is called its 
orthocentre . ^VaV-i ? ; 7 


(ii) The triangle formed by joining the feet of the 
tliculars is called the pedal or ort hocentric triangle. 


perpen- 
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•i**- ^ 

II y"ln an acute-angled triangle the perpendiculars drawn from the 
vertices to the opposite sides bisect the angles of the pedal triangle through 
which they pass. 

Tn tho acute-angled A ABC, let AD, BE, 

CF be the perp’ drawn from the vertices to 
the opposite sides, meeting at the ortho- 
oentrc u ; and let DEF be the pedal triangle. 

It is required to prove that 

AD, BE, CF bisect respectively 

the L .* FDE, DEF, EFD. ' 

It may be shewn, as in the last theorem, 
that the points O, D, C, E aro concyclio ; 

:. tho A ODE = the AOCE, in the same segment. 

Similarly the points O, D, B, F arc conoyclio ; 

.'. the AODF=thc AOBF, in tho same segment. 

But tho AOCE=tlio AOBF, each being tho comp 1 of tho ABAC, 
tho AODE=the AODF. 

Similarly' it may be shewn that the L* DEF, EFD am bisected by 
BE and CF. q.e.d. 



ConoTil.Any.-^- (i) / Every two sides of the pedal tnangle are equally 
inclined to that side of the original triangle in which they meet. 

For the AEDC=tho comp* of the A ODE 
=thc comp* of the AOCE 
=thc ABAC. 

Similarly it may be shewn that the A FDB=tho ABAC, 

.*. the AEDC=thc AFDB=the aA. 

In like manner it may bo proved that 

tho ADEC=tho AFEA=the AB, 
and the ADFB=tho AEFA=tho AC. 



CohoTjUHV. (ii) The triangles DEC, AEF, DBF are equiangular to 
one another and to the'tndmjle ABC. 

Note. If tho angle BAC is obtuse, then tho perpendiculars BE, CF 
bisect externally the corresponding angles of tho pedal triangle. 


THE ORTHOCENTRE OP A TRIANGLE. 
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EXERCISES. 

1. If O it the orthocentre of the triangle ABC and if the perpendicular ^ 
AD is produced to meet the circum-circle in G, prove that OD = DG. 

2. In an acute-angled triangle the three sides are the external bisectors 
of the angles of the pedal triangle: and in an obtuse-angled triangle the 
sides containing the obtuse angle are the internal bisectors of the correspond- 
ing angles of the pedal triangle. 

/ 3. If O is the orthocentre of the triangle ABC, shew that the angles 
BOC, BAC are supplementary. 

4. If O is the orthocentre of the triangle ABC, then any one of the 
four points O, A, B, C is the orthocentre of the triangle whose vertices are 
the other three. 

6. The three circles which pass through two vertices of a triangle and 
its orthocentre are each equal to the circum-circle of the triangle. 

6. D, E are talcon on the circumference of a semi-circle described 
on a given straight line AB : the chords AD, BE and AE, BD intersect 
(produced if necessary) at F and G : shew that FG is perpendicular 


7. ABC is a triangle, O is its orthoeentre, and AK a diameter of the 
circum-circle : shew that BOCK is a parallelogram. 

8. The orthocentre of a triangle is joined to the middle point of the 
base, and the joining line is produced to meet the circum-circle : prove 
that it will meet it at the same point as the diameter which passes 
through the vertex. 

9. The perpendicular from the vertex of a triangle on the base, and 
the straight lino joining the orthocentre to the middle point of the 
base, are produced to meet the circum-circle at P and Q : shew that 
PQ is parallel to the base. 

10. The distance of each vertex of a triangle from the orthocentre is 
double of the perpendicular drawn from the centre of the circum-circle to 
the opposite side. 


11. Three circles are described each passing through the orthoeentre 
ot a triangle and two of its vertices : shew that the triangle formed by 
joining their centres is equal in all respects to the original trianglo. 


and tr ! an S l0 » . ha r n S S'ven 'a vertex, the orthoeentre, 

, ana the centre of the circum-circle. 5 


H.S.G. 


o 
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LOCI. 

VlH. Given the base and vertical angle of a triangle, find the locus of 
1 its orthocentre. 

Let BO be the given base, and X the 
given angle ; and lot BAC be any triangle 
on the base BC, having its vertical L A 
equal to the LX. 

Draw the porp 1 BE, CF, intersecting at 
the orthoeentro O. 

It is required to find the locus of O. 

Proof. ^Sinoo the L* OFA, OEA are rt. 
angles, 

.*. the points O, F, A, E are conoyolio ; 

.*. the LFOE is the supplemenu ui mb i_r> • iw 

the verb. opp. L BOC is the supplement of tlm LK J J 

But the LA is constant, being always equal to the Ufi » 

' .*. its supplement is constant j 

i that is, the A BOG has a fixed base, and constant vertical angle ; 
l hence tlio locus of its vortex O is the arc of a segment of which BC is 
■ the chord. 

I TV. Given the base and vertical angle of a triangle , find the locus of 
the in-centre. 

Lot BAC be any triangle on the given 
base BC, having its vertical angle equal to 
the given LX; and let Al, Bl, Cl bo the 
bisectors of its angles. Then I is the in- 
centre. 

It is required to find the locus of i. 

Proof. Denote the angles of the A ABC 
by A, B, C; and lot the LB 1C bo denoted 
byl. 

Then from the A BIC, 

(i) l + jB + iC= two rt. angles ; Thevr. 16 

and from the A ABC, 

A+B+C=two rt. angles; 

(ii) so that JA + JB + iC = one rt. angle. 

.’. , taking the differences of the equals in (i) and (ii), 

I - JA = ono rt. angle : 
or, l=one rt. anglo+^A. 

But A is constant, being always equal to the LX ; 

.' I is constant : 

.’. the locus of 1 is the arc of a segment on the fixed chord BC. 





EXERCISES ON LOCI. 
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EXERCISES ON LOCI. 

1. Given the base BC and the vertical angle A of a triangle ; find 
the locus of the ex-centre opposite A. 

2. Through the extremities of a given straight line AB any two 
parallel straight lines AP, BQ are drawn ; find the locus of the inter, 
section o&the bisectors of the angles PAB, QBA. 

3. Find thp locus of the middle points of chords of a circle drawn 
through a fixed point. 

Distinguish between the cases when the given point is within, on, 
or without the circumference. 

4. Find the locus of the points of contaot of tangents drawn from 
a fixed point to a system of concentric circles. 

-• 5. Find the locus of the intersection of straight lines which pass 
through two fixed points on a circle and intercept on its circumference 
an aro of constant length. 

6. A and B are two fixed points on the circumference of a circle, 
and PQ is any diameter: find the locus of the intersection of PA 
and QB. 

7. BAC is any triangle described on the fixed base BC and having 
a constant vertical angle ; and BA is produced to P, so that BP is 
equal to the sum of the sides containing the vertical angle : find the 
locus of P. 

8. AB is a fixed chord of a oircle, and AC is a moveable chord 
passing through A: if the parallelogram CB is completed, find the 
locus of the intersection of its diagonals. • 

9. A straight rod PQ slides between two rulers placed at right 
angles to one another, and from its extremities PX, QX are drawn 
perpendicular to the rulers : find the locus of X. 

10. Two circles intersect at A and B, and through P, any point on 
the circumference of one of them, two straight lines PA, PB are 
drawn, and produced if neoessary, to out the other circle at X and Y : 
find the locus of the intersection of AY and BX. 

11. Two oiroles intersect at A and B ; HAK is a fixed straight line 
drawn through A and terminated by the circumferences, and PAQ is 
any other straight line similarly drawn : find the locus of the inter- 
section of HP and QK. 
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SIMEON’S LINE. 

k V. The feet of the perpendiculars drawn to the three sides qf a 
triangle from any point on its circum-eircle are collinear. 

Let P bo any point on the oiroum-oirclo of 
tlio A ABC ; and lot PD, PE, PF bo the perps. 
drawn from P to the sides. 

It is required to prove that the points D, E, F 
are collinear. 

Join FE and ED : 

then FE and ED will be shown to be in the 
same straight line. 

Join PA, PC. 

Proof. Because the L‘ PEA, PFA are rt. angles, 

.*. the points P, E, A, F aro conoyolio : 
tho Z-PEF=tho L PAF, in the same segment 
=the supp* of the Z.PAB 
=tlie APCD, 

since the points A, P, C, B are eoncyelio. 

Again became tho Lf PEC, PDC are rt. angles, 

.*. the points P, E, D, C are ooncyclic. 

.". the Z.PED=tho supp 4 of the A PCD 
=tho suppt of the L PEF. 

.'. FE and ED are in one st. line. 

Ohs. The lino FED is Known as the Pedal or Simson’s Him of the 
trianglo ABC for the point P. 



EXERCISES. 

1. From any point P on the oircum-eirole of the triangle ABC, 
perpendiculars PD, PF are drawn to BC and AB : if FD, or FD 
produced, cuts AC at E, shew that PE is porpendioular to AC. 

2. Find tho locus of a point which moves so that if perpendiculars 

are drawn from it to the sides of a given triangle, their feet are 
collinear. ° 


3. ABC and AB C aro two triangles with a common angle, and 
their oircum-circles meet again at P ; show that tho feet of perpen- 
diculars drawn from P to the linos AB, AC, BC, B'C' arc collinear. 

4. A trianglo is inscribed in a circle, and any point P on the circum- 
ference is joined to the orthocentre of tho triangle : show that this 
joining line is biseoted by the pedal of tho point P. 


THE TRIANGLE AND ITS CIRCLES. 


213 


THE TRIANGLE AND ITS CIRCLES. 

VI. D, E, F are the points of contact of the inscribed circle of the 
triangle ABC, and Di, Ex, R the points of contact of the escribed circle, 
which touches BC and the other sides produced: a, b, o denote the length 
of the sides BC, CA, AB ; s the semi-perimeter of the triangle, and r, r } 
the radii of the inscribed and escribed circles. 


A 



Prove thefoltowing equalities. 

(i) AE =AF =s-a, 

BD =BF =s-6, 

CD =CE =8— c. 

(ii) AEx=AFx=8. 

(iii) CD 1 =CE 1 =8-6, 

BD 1 =BF 1 =s-e. 

(iv) CD =BDj, and BD=CD,. 

(v) EE 1 =FF 1 =o. 

(vi) The area of the A ABC=rs 

=»i («-«). 

OTOthat^ thB ab ° Ve figUr ° “ the CaS ® when C is a ri S ht angle, and 
r=8-c; rj=8-6. 
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VII. In the triangle ABC, I is the centre of the inscribed circle, and 
In I21 Is the centres of the escribed circles touching respectively the sides 
BC, CA, AB and the other sides produced. 



Prove the following properties: 

(i) The points A, I, 1 2 are collinmr : so are B, I, l„ ; and C, I, l a . 

(ii) The points l 2 , A,-l 3 are collinear; so are l 3 , B, lj ; and l 1( C, l s . 

(iii) Phe triangles BIjC, ClgA, AI 3 B are equiangular to one another. 

. . Phv triangle lil 2 l 3 is equiangular to the triangle formed by 
lowing the points of contact of the inscribed circle, 

(v) Of the four points I, I., U, l 3 , each is the orthocentre of the 
triangle whose vertices are the other three. 

(vi) The four circles, each of which passes through three of the 
points I, Ii, l 8 , | 3) are all equal. 


THE TRIANGLE AND ITS CIRCLES. 
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EXERCISES. . 

1. With the figure given on page 214 shew that if the oiroles whose 
centres are I, I 19 l 2 , l 3 touch BC at D, D 1} D 2 , D 3 , then 

(i) DD 2 =D 1 D 3 =b. (ii) DD 3 =D 1 D 2 =c. 

(iii) D 2 D 3 =6 +c. (iv) DDj=b»-c. 

2. Shew that the orthocentre and vertices of a triangle are the centres 
of the inscribed and escribed circles of the pedal triangle. 

3. Given the base and vertical angle of a triangle, find the locus of the 
centre of the escribed circle which touches the base. 

4. Given the base and vertical angle of a triangle, shew that the centre 
of the circum-cirde is fixed. 

5. Given the base BC, and the vertioal angle A of the triangle, find 
the locus of the centre of the escribed circle which touches AC. 

6. Given the base, the vertioal angle, and the point of oontaot with 
the base of the in-cirole ; construct the triangle. 

7. Given the base, the vertical angle, and the point of contact with 
the base, or base produced, of an escribed circle ; construct the triangle. 

8. I is the centre of the cirde inscribed in a triangle, and l x , l 2 , l 3 the 
centres of the escribed circles; shew that llj, ll», ll 3 are bisected by the 
circumference of the circum-circle. 

9. ABC is a triangle, and l 2 , l 3 the centres of tho escribed circles 
which touch AC, and AB respectively : shew that the points B, C, l 2 , I 3 
lie upon a circle whose centre is on tho oircumference of the circum- 
circle of the triangle ABC. 

10. With three given points as centres describe three circles touch- 
ing one another two by two. How many solutions will there be ? 

11. Given the centres of the tlirce escribed circles ; construct the 
triangle. 

12. Given the centre of tho inscribed circle, and tho centres of two 
escribed circles ; construct the triangle. 

13. Given the vertical angle, perimeter, and radius of the inscribed 
circle ; construct the triangle. 

14. Given the vortical angle, the radius of the inscribed cirole, and 
the length of the perpendicular from the vertex to tho base ; construct 
the triangle. 

15. In a triangle ABC, I is the centre of the inscribed circle ; shew 
™ the centres of the circles circumscribed about the triangles BIC, 
CIA, AIB lie on the oircumference of the circle circumscribed about the 
given triangle. 
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THE NINE-POINTS CIRCLE. 

VHI. In any triangle the middle points . of, the. sides, the feet of the 
perpendiculdTSfrohi the ^vertices jojthe opposite sides, and the middle 
points of the lines joining the orthocentre to the vertices arc coney die. 

In the A ABC, let X, Y, Z bo tho 
middle points of tho sides BC, CA, 

AB ; let D, E, F bo tho feet of tho 
perp" to these sides from A, B, C ; let 
O do the orthoeentre, and a, (2, y tho 
middle points of OA, OB, OC. 

It is required to prove that 
the nine points X, Y, Z, D, E, F, a, p, y 
are coney die. 

Join XY, XZ, Xa, Ya, Za. 

Now from the A ABO, 
since AZ=ZB, and Aa=aO, 

Za is par 1 to BO. Ex. 2, p. 64. 

And from tho A ABC, sinoo BZ=ZA, and BX=XC, 

ZX is par 1 to AC. 

But BO produced makes a rt. angle with AC ; 

.'. the_AXZa is a rt. angle. 

Similarly, tho Z.XYa is a rb. angle. 

.•. the points X, Z, a, Y are eonoyclio : 
that is, a lies on the O” of the oirelo whioh passes through X, Y, Z ; 
and Xa is a diameter of this circle. 

Similarly it may bo shewn that p and y lie on tho 0“ of this circle. 

Again, since aDX is a rb. angle, 
tho circle on Xa as diameter passes through D. 

Similarly it may bo shewn that E and F'lie on the O" of this eirole ; 
.*. the points X, Y, Z, D, E, F, a, p, y arc conoyclic. q.e.d. 

Obs. From this property the cirolo which passes through the middle 
points of the sides of a triangle is called tho Nine-Points Circle; many 
of its properties may be derived from tho fact of its being the ciroum* 
circle of the pedal triangle. 




THE NINE-POINTS CIRCLE. 


To prove that 

(i) the centre of the nine-points circle is the middie point of the 
straight line which joins the orthocentre to the circum-cenlre. 

(ii) the radivs of the nine-points circle is half the radius of the 

circum-circle. ^ 

(iii) the centroid is collinear with the circum-cenlre, the nine-points 
centre, and the orthocentre. 

In the A ABC, let X, Y, Z he the 
middle points of the sides ; D, E, F 
the feet of the perp’ ; O the ortho- 
centre; S and N the centres of the 
circumscribed and nine-points cirolcs 
respectively. 

(i) To prove that N is the middle 
point of SO. 

It may he shewn that the perp. to 
XD from its middle point bisects SO ; 

Theor. 22. 

Similarly the perp. to EY at its 
middle point bisects SO : 

that is, these perp* intersect at the middle point of SO : 

And since XD and EY are chords of the nine-points circle, 

.'. the intersection of the lines which bisect XD and EY at rt. angles is 

its centre : Theor. 31, Gor. 1. 

.*. the centre N is the middle point of SO. q.e.d. 



[ii) To prove that the radius of the nine-points circle fa half the 
radius of the circum-circle. 

By the last Proposition, Xa is a diameter of the nine-points circle. 

.’. the middle point of Xa is its centre : 
but the middle point of SO is also the centre of the nine-points circle. 

(Proved.) 

Hence Xa and SO bisect one another at N. 

Then from the A*SNX, ONa, 
f SN = ON, 

because and N X = Na, 

(.and the Z.SNX = the Z-ONa ; 

.*. SX=Oa 
=Aa. 

And SX is also par 1 to Aa, 

SA=Xa. 

But SA is a radius of the circum-circle ; 
and Xa is a diameter of the nine-points circle ; 

*’• fb° radius of the nine-points circle is half the radius of the circum- 
circle. rSco also p. 267, Examples 2 and 3.] q.e.d. V 
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(iii) To prove that the centroid is collinear toith points S, N, 0. 

Join AX and draw ag par 1 to SO. 

Let AX meet SO at G. 

Then from the A AGO, since Aa=aO, 
and ag is par 1 to OG, 

Ap=pG. Ex. 1, p. 64. 

And from the A Xag, since aN = NX, 
and NG is par 1 to ag. 

.-. pG=GX. 

.-. AG=g of AX ; 

G is the centroid of the triangle ABC. 

Them-, in., Cor., p. 07. 

That is, the centroid is collinear with 
the points S, N, 0. q.e.d. 



EXERCISES. 

1. Given the base and vertical angle of a triangle, find the locus of the 
centre of the nine-points circle. 

2. The nine-points circle of any triangle ABC, whose orthocentro s 
O, is also the nine-points circle of each of the triangles AOB, BOC, 
COA. 

3. If I, l„ L I, are the centres of the inscribed and escribed circles 
of a triangle ABC, then the circle circumscribed about ABC is the 
nine-points circle of each of the four triangles formed by joining three 
of the points I, l lt L, l 3 . 

4. All triangles which have the same orthocentre and the same 
circumscribed circle, have also the same nine-points circle. 

5. Given the base and vertical angle of a triangle, shew that one 
angle and one side of the pedal triangle are constant. 

6. Given the base and vertical angle of a triangle, find the locus of 
the centre of the circle which passes through the three escribed 
centres. 

Note. For some other important properties of the Nine-points 
Circle see Ex. 54, page 310. 



PART IV. 


ON SQUARES AND RECTANGLES IN CONNECTION 
WITH THE SEGMENTS OF A STRAIGHT LINE. 

'TTTK GEOMETRICAL EQUIVALENTS OE CERTAIN 
ALGEBRAICAL FORMULAE. 

Definitions. 

A B 

1. A rectangle ABCD is said to be 
contained by two adjacent sides AB, AD ; 
for these sides fix its size and shape. 

D C 

A rectangle whose adjacent sides are AB, AD is denoted by 
the red. AB, AD ; this is equivalent to the product AB . AD. 

Similarly a square drawn on the side AB is denoted by 
the sg. on AB, or AB 2 . 

2. If a point X is taken in a a X b 

straight line AB, or in AB produced, 1 

then X is said to divide AB into the Fig-, i. 

two segments AX, XB ; the segments 

being in either case the distances of . 

the dividing point X from the extremities A B X 

of the given line AB. Fig. 2 . 

In Fig. 1, AB is said to be divided internally at X. 

In Fig. 2, AB divided externally at X. 

Ohs. In internal division the given line AB is the sum of 
the segments AX, XB. 

In external division the given line AB is the difference of the 
segments AX, XB. 
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Theorem 50. [Euclid II. 1.] 

If of two straight lines, one is divided into any number of parts, 
the rectangle contained by the two lines is equal to the sum of the 
rectangles contained by the undivided line and the several l parts of 
the divided line. 


, 

(V > 

( \ 

' B 


a 

b 

c 

K 

h 

h 

k 

I 

5 E 

o 

u. 


Let AB and K be the two given st. lines, and let AB be 
divided into any number of parts AX, XY, YB/ which contain 
respectively a, b, and c units of length ; so that AB contains 
a + Z> + e units. 

[Let the line K contain h units of length, j 

It is required to prove that 

< the rect. AB, K = rect. AX, K + rect. XY, K + rect. YB, K; 
namely that 

(a+b+c)h= ah + hk + cl:. 

Construction. Draw AD perp. to AB and equal to K. 

Through D draw DC par' to AB. 

Through X, Y, B draw XE, YF, BC par 1 to AD. 

Proof. The fig. AC = the fig. AE + the fig. XF + the fig. YC; 
and of these, by construction, 

fig. AC = rect. AB, K ; and contains (a + b + c)k units of area ; 
[fig. AE = rect. AX, K ; and contains ah units of area ; 


■{fig. XF = rect. XY, K; bh ; 

[fig. YC=reet. YB, K; ch 

Hence 

the rect. AB, K=rect. AX, K+rect. XY, K+rect. YB, K; 
or, ( a+b+c)h= ah + bh + ch. 

Q.E.D. 
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♦Corollaries. [Euclid II. 2 and 3.] 


Two special cases of this Theorem deserve attention. 

(i) When AB is divided only at one point X, and when the 
undivided line AD is equal to AB. 



Then the sq. on AB=the rect. AB, AX + the rect. AB, XB. 


That is, 

, 7 The square on tlie given line is equal to the sum of the rectangles 
contained ly the whole line and each of the segments. 

Or thus : v - 

1AB 2 = AB.AB 
\ =AB(AX + XB) 

| = AB . AX + AB . X B. 

(ii) When AB is divided at one point X, and when the 
undivided line AD is equal to one segment AX. 



Then the rect. AB, AX=the sq. onjJX+the rect. AX, XB.-’" 
That is, 

The rectangle contained by the whole line and oner-segment is 
equal to the square on that segment with the rectangle) contained by 
the two segments. 

Or thus : 

AB . AX = (AX + XB) AX 
= AX 2 + AX . XB. 
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Theorem 51. [Euclid II. 4.] 

If a straight line is divided internally at any point, thesquare 
on the given line is equal to the sum of the squares on the two seg- 
ments together with twice the rectangle contained by the segments. 

A a X b B 


a 

H* 
b 

D a F b O 

Let AB be the given st. line divided internally at X ; and let 
the segments AX, XB contain a and b units of length respectively. 

Then AB is the sum of the segments AX, XB, and therefore 
contains a + b units. 

It is required to prove that 

AB 2 = AX 2 + XB 2 + 2 AX . XB ; 

namely that 

(a + b) 2 = a? + IP + 2ab. 

Construction. On AB describe a square ABCD. From AD 
cut off AE equal to AX, or a. Then ED = XB = i. Through E 
and X draw EH, XF par 1 respectively to AB, AD and meeting 
at G. • s 


(a a J 

(ab) 

(ab) G 

(6 S ) 


Proof. Then the fig. AC = the figs. AG, GC + the figs. EF, XH, 
And of these, by construction, 

fig. AC is the sq. on AB, and contains ( a + b) 2 units of area ; 

'fig. AG = sq. on AX, and contains a 2 units of avoa ; 

fig. GC = sq. on XB, b 2 ; 

fig. EF = rect. EG, ED 

= rect. AX, XB ab ; 

fig. XH = rect. GX, XB 

= rect. AX, XB ab 

Hence AB 2 = AX 2 + XB 2 + 2 AX . XB ; 

that is, (a + J) 2 = a- + IP + 2 ah. 


Q.E.D. 
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Theorem 52. [Euclid II. 7.] 

If a straight line is divided externally at any point, the square 
m the giveh line is equal to the sum of the squares on the two 
segments diminished by twice the rectangle contained by the 
segments. 

I 


E H > G 

Let AB be the given st. line divided externally at X ; and let 
the segments AX, XB contain a and b units of length re- 
spectively. 

Then AB is the difference outlie segments AX, XB, and 
therefore contains a - b units. 

It is required to prove that 

AB 2 = AX 2 + XB 2 - 2AX'. XB ; 
namely that (a - b ) 2 = a 2 + b 2 - 2 ah. 

Construction. On AX describe a square AXGE. From AE 
cut off AD equal to AB, or a - b. Then ED = XB = b. Through 
D and B draw DF, BH par 1 respectively to AX, AE, meeting 
at 0: 

gProof. Then ^lefig^j^thefig^ 
vjAnd of these, by construction, 

fig. AC is the sq. on AB, and contains (a - b ) 2 units of area ; 

'fig. AG = sq. on AX, and contains a 2 units of area ; 

fig. CG = sq. on XB, b 2 ; 

fig. EF=rect. EG, ED 

=rect. AX, XB ab ; 

fig. XH =rect. GX, XB 

\ =rect. AX, XB ab 

Hence AB 2 = AX 2 + XB 2 - 2AX . XB ; 

that is, (a -b) 2 = a 2 + b 2 - 2 ab. 

Q«£iDi 
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Theorem 53. [Euclid II. 5 and 6.] 

The difference of the squares on two straight linos is equal to the 
rectangle contained by their sum and difference. 



Let the given lines AB, AC be placed in the same st. line, 
and let them contain a and l units of length respectively. 

jY is required ? fo prove itlat’ 

AB 2 - AC 2 * (AB + AC) (AB - AC) ; 
namely that a 2 - b 2 ~(a + b)(a- b). 

Construction. On AB and AC draw the Squares ABDE, 
ACFG ; and produce CF to meet ED at H. 

Then GE = CB = a - & units. 

Proof. Now AB 2 - AC 2 = the sq. AD - the sq. aF 

</ — the rect. CD + the re, c t. GH 
= DB . BC +GF.QE 

= AB . CB +AC.CB 

= (AB + AC)CB 
= (AB + AC) (AB - AC). 

That is. 

a 2 - IP -(a + b)(a~b). 


Q> E,Df 
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scares and* rectangle^. 

, CoROLLAR^.s^pi/ a straight line is bisected, and also divided 
(internally or externally) into two unequal segments, the rectangle 
contained by these segments is equal to the difference of the squares on 
half the line and on the line between the points of section. 


A X Y B 

k Fig. i. 



X V 

* ^ y* t * ■ ' 

Fig. 2 . 


That* is, if AB is bisected at X and also divided at Y, inter- 
pally in Fig. 1, and externally in Fig. 2, then^ 

t in Fig. 1, . AY . YB = A X 2 -XY 2 : 

|in Fi g. 2, AY . YB*= XY 2 - AX 2 . 

For in the first case, AY . YB = (AX + XY)(XB^- XY);' 

... ; ..=(^x+xy)(AX-XY) 

=='AX 2 — XY 2 . 

j * - - y 1 

The "second case may be similarly proved. 

'/ 

Y 

EXERCISES. 

1. Draw diagrams on squared paper to shew that thejsquare on a 

straight line is ' '* ' i ' 

(ii) mine-times the square on one-third of the line. 

2. Draw diagrams on squared paper to illustrate the following 
algebraical formulae : 

(i) (*+7) a =iB 2 +14x+49. 

(ii) (a + 6 + c) 2 =a 2 + & 2 + c B + 2 be + 2 ca + 2a£>. 

(iii) ( a+b)tc+d)=ac+ad+bc+ld . 

(iv) (a3+7)(a;+9)=jc a -}- 16a?+63. * 

3. In Theor. 50, Cor. (i), if AB=4 cm., and the fig. AE-=9*6 sq. cm., 

find the area of the fig. XC. ! ' * 

_ f In Theor. 50, Cor. (ii), if AX=2*1", and the fig. XC=3*36 sq. in., 
find AB. 

5. In Theor. 51, if the fig. AG=36 sq. cm., and the reet. AX, XB 
=24 sq. cm., find AB. 

6. In Theorem 52, if the fig. AG = 9 *61 sq. in. , and the fig. DG = 6 *51 
sq. m., find AB. 


[For further Examples on Theorems 50-53 see p. 230.] 

H.S.G. 


p 
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Theorem 54. [Euclid II. 12.J 

In an obtuse-angled triangle, the square on the side subtending 
the obtuse angle is equal to the sum of the squares on the sides 
containing the obtuse angle together with twice the rectangle con- 
tained by one of those sides and the projection of the other side 
upon it. 



Let ABC he a triangle obtuse-angled at C ; and 1 let AD be 
drawn perp. to BC produced, so that CD is the projection of 
the side CA on BC. [See Dof. p. 63.] 

It is required to prove that 

AB 2 = BC 2 + CA 2 + 2 BC . CD. 


Proof. Because BD is the sum of the lines BC, CD, 

BD 2 = BC 2 + CD 2 + 2 BC . CD. Thcor. 51 


To each of these equals add DA 2 . 

Then BD 2 + DA 2 = BC 2 + (CD 2 + DA 2 ) + 2 BC. CD. 


But BD 2 + DA 2 = AB 2 \ 
and CD 2 + DA 2 = CA 2 J ’ 


for the l D is a rt. L. 


AB 2 = BC 2 + CA 2 + 2 BC . CD. 


Hence 


Q.E.D. 



SQUARES AND RECTANGLES. 
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Theorem 55. [Euclid II. 13.] 

In every triangle the square on the side subtending an acntc angle 
is equal to the sum of the squares on the sides containing that angle 
diminished hy twice the rectangle contained by one of those sides 
and the projection of the other side upon it. 



Fig. i. Fig. 2. 

Let ABC he a triangle in which the AC is acute ; and let 
AD he drawn perp. to BC, or BC produced ; so that CD is the 
projection of the side CA on BC. 

* 

It is required to prove that 

AB 2 = BC 2 + CA 2 -2BC. CD. 





Proof. Since in both figures BD is the dii ferena Lot- th e -lines 

J3C,CD,_: ^ . 

- 2BO .CD. Them-. 52. 

To each of these equals add DA 2 . 

Then BD 2 + DA 2 = BC 2 + (CD 2 + DA 2 ) - 2BC .CD (i) 

But BD 2 +DA 2 = AB 2 1 - .■ , , ^ . 

. „ „ . 1, for the L D is a rb. L. 

and CD 2 + DA 2 = CA 2 / 

Hence AB 2 = BC 2 + CA 2 - 2BC . CD. 


Q.E.D. 
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Summary oe Theorems 29, 54 and 55. 


A A A 



B C D B C(D) B DC 


(i) If the A ACB is obtuse, 

AB 2 = BC 2 + CA 2 + 2BC . CD. Them-. 54 

(ii) If the a ACB is a right angle, 

AB 2 = BC 2 + CA 2 . Them-. 29. 

(iii) If the A ACB is acute, 

AB 2 = BC 2 + CA 2 - 2BC . CD. Them'. 55. 

Observe that in (ii), when the A ACB is right, AD coincides 
with AC, so that CD (the projection of CA) vanishes ; 

hence, in this case, 2BC . CD = 0. 

Thus the three results may be collected in a single 
enunciation : 

The square on a side of a triangle is greater than, equal to, or 
less than the sum of the squares on the other sides, according as the 
angle contained by those sides is obtuse, a right angle, or acute ; the 
difference in cases of inequality being twice the rectangle contained 
by one of the two sides and the jrrojcction on it of the other. 

EXERCISES. 

1.* In a triangle ABC, a=21 om., 6=17 cm., c=10 cm. By how 
many square contimotrcs does c a fall short of a 2 +6 2 ? Hence or other- 
wise calculate the projection of AC on BC. 

i / 

v 2. ABC is an isosceles triangle in which AB=AC : and BE is drawn 
perpendicular to AC. Shew that BC 2 =2AC . CE. 

fe- - In tho A ABC, shew that . 

*“■ i (i) if the AC=G0°, then cr=a?±h - - ab 
(ii) if the AC =120°, then c 2 =a 2 +6“+n6. 



SQUARES AND RECTANGLES. 
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Theorem 56. 

In any tnangle the sy/rrpW the squares on two sides is equal to 
twice the square on hal^'HhcAird side together with twice the square 
on the median which 'htsectfihe third side. 



Let ABC be a triangle', and AX tbe median which bisects the 
base BC. 


It is required to prove that 

AB 2 + AC 2 = 2BX 2 + 2 AX 2 . - 

Draw AD perp. to BC ; and consider the case in which AB 
and AC are unequal, and £JD falls within the triangle. 

Then of the AXB, AXC, one is obtuse, and the other acute. 
Let the l AXB be obtuse. 

Then from the A AXB, 

AB 2 = BX 2 + AX 2 + 2BX . XD. Thcor. 54. 

And from the A AXC, 

AC 2 = XC 2 + AX 2 - 2XC . XD. Them. 55. 

Adding these results, and remembering that XC = BX, 
wo havo 

AB 2 4- AC 2 = 2 BX 2 + 2AX 2 . 


Q.E.D. 

t, S-UTf, may ? asil ? bo ada Pted to the ease in which the 

perpengioular AD falls outside the triangle. 

•k r 

V EXERCISE. 

tri * n 3 l f the difference of the squares on two sides is equal to • 
T taim t \« i“ «** «• betwam the* 

Z atlS? ,he rM macular dmvm from . 
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EXERCISES ON THEOREMS 50-53. 


1. Ubo the Corollaries of Theorem 50 to show that if a straight lino 
AB is divided internally at X, then 
, AB 2 =AX 2 + XB 2 + 2AX . XB. 

/ 2. If a straight lino AB is bisected at X and produced to Y, and if 
YY . YB =8AX 2 , show that AY =2AB. 


3. The sum of the squares on two straight lines is never less than 
twice the rectangle contained by the straight lines. 

Explain this statement by refcrcnco to the diagiam of Theorem 52. 
Also deduce it from the formula (a-b)-=a a +b i -2ab. 

4. Inthoforimila(a+Z>)(a-l») = a 2 -& 2 , substitute b=^~, 

£ A 

and enunoiato verbally the resulting theorem. 


' 5. If a straight lino is divided internally at Y, show that the 
rectangle AY, YB continually diminishes as Y moves from X, the mid- 
point of AB. 

Deduce this (i) from the Corollary of Theorem 53 ; 

(ii) from the formula 

If a straight line AB is bisected at X, and also divided (i) inter- 
tally, (ii) externally into two unequal segments at Y, shew that in cither 
:a f AY 2 + YB 2 =2(AX 2 + XY-). [Euclid II. 9, 10.] 

" AProof of case (i). (fio) 

AY 2 +YB 2 =AB 2 -2AY. YB Theor. 51. 

=4 AX 2 - 2(AX + XY)(AX - XY) 

= 4AX 2 - 2 (AX? - XY 2 ) Theor. 53. 


=2AX S +2XY S . 

j Case (ii) may be derived from Theorem 52 in a similar way.] 

■'••7. If AB iB divided internally at Y, use the result of tho last 
ixamplo' to trace tho changes in the value of AY 2 -}- YB 2 , as Y moves 
from A' to B. , 

^ 8. In a right-angled triangle, if a perpendicular is drawn from the 
eight an'gle to the hypotenuse, the square on this perpendicular is equal to ■: 
-he rectangle contained by the segments of the hypotenuse. : 

l ' 

9. ABC is an isosceles triangle, and AY is drawn to out the base BC 
internally or externally at Y. Prove that 

AY a =AC s -BY.YC, for internal section ; 
AY 2 =AC 2 +BY.YC, for external section. 



EXERCISES. 
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EXERCISES ON THEOREMS 54-56. 

1. AB is a straight line 8 cm. in length, and from its middle point 
1 0 as centre with radius 5 cm. a circle is drawn ; if P is any point on 

the circumference, shew that 

AP 2 +BP 2 =S2 sq. cm. 

2. In a triangle ABC, the base BC is bisected at X. If a=17 cm., 
6=15 cm., and c=8 cm., calculate the length of the median AX, and 
deduce the^Z-A. 

3. The base of a triangle = 10 cm., and the sum of the squares on 
the other sides=122 sq. cm. ; find the locus of the vertex. 

./ 4. Prove that the sum of the squares on the sides of a parallelogram 
i?is equal to the sum of the squares on its diagonals. 

The sides of a rhombus and its shorter diagonal each measure 3"; 
find the longer diagonal to within -01". 

5. In any quadrilateral the squares on the diagonals are together 
equal to twice the sum of the squares on the straight lines joining the 
middle points of opposite sides. [See Ex. 7, p. 64.] 

' ABCD is a rectangle, and O any point within it : shew that 
* , QA 2 + OC 2 = OB 2 + OD 2 . 

\ ' AB=6’0", BC=2‘5", and OA 2 +OC 2 =21£ sq. in., find the distance 

Jof O from the intersection of the diagonals. 

7. The sum of the squares on the sides of a quadrilateral is greater 
than the sum of the squares on its diagonals by four times the square 
on/the straight hue which joins the middle points of the diagonals. 

48 . In a triangle ABC, the angles at B and C are acute : if BE, CF 
are drawn perpendicular to AC, AB respectively, prove that ' 

BC 2 =AB. BF+AC.CE. 

9 ’i , Ti l reo £ ! mes £iie Sura of ' the squares on the sides of a triangle is 
equal to four times the sum of the squares on the medians. 

me^ns^shewthat^ 16 ’ ° th ° P ° int ° f infcersection of i£ s 

AB S + BC 2 + CA 2 = 3 (OA 2 + OB 2 + OC 2 ). 

».lly or" iS biS "’ ,Sd at x ' dMdcd 

AY 2 + YB 2 = 2 (AX 2 + XY 2 ). [See p. 230 Ex. 6.] 

limU^nTr 0 ^ v- fr0m i The ° rem 56, by considering a triangle CAB in the 
limiting position when the vertex C falls at Y in the base AB. 

mBL$C? ? ““fet AS0, “ 11,0 to0 B0 is •* * “ tot 
7nAB 2 +?!AC 2 =jnBX 2 +nXC 2 +(m+n)AX 2 . 
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RECTANGLES IN CONNECTION WITH CIRCLES. 

Theorem 57. [Euclid III. 35.] 

If two chords of a circle cut at a point within it, the rectangles 
contained by their segments are equal. 



In the O ABC, lot AB, CD he chords cutting at the internal 
point X. 

It is required to prove that 

the red. AX, XB = the red . CX, XD. 

Let O he the centre, and r the radius, of the given circle. 
Supposing OE drawn perp. to the chord 'AB, and therefore 
bisecting it, 

Join OA, OX. 

Proof. The rect. AX, X B = (AE + EX) (EB - EX) 

= (AE + EX) (AE — EX) 

= AE 2 - EX 2 Theor. 53. 

= (AE 2 + OE 2 ) - (EX 2 + OE 2 ) 

= r- - OX 2 , since 

the Li at E are rt. l’. 

Similarly it may he shewn that 

the rect. CX, XD = r 2 - OX 2 . 

.*. the rect. AX, XB = the rect. CX, XD. 

Q.E.D. 

■ Corollary. Each redangle is equal to the square on half the 
chord which is bisected at the given point X. 
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Theorem 58. [Euclid ITL 36.] 


If two chords of a circle, when produced, cut at a point outside it, 
the rectangles contained by their segments are equal. And each 
rectangle is equal to the square on the tangent from the point of 
intersection. 



In the 0ABC, let AB, CD he chords cutting, when produced, 
at the external point X ; and let XT be a tangent drawn from 
that point. 


It is required to prove that 

the red. AX, XB *=the red. CX, XD = the sq. on XT. 


Let O he the centre, and r the radius of the given circle. 

Suppose OE drawn perp. to the chord AB, and therefore 
bisecting it. 

Join OA, OX, OT. 


Proof. The rcct. AX, XB = (EX + AE) (EX - EB) 

= (EX + AE)(EX — AE) 

= EX 2 — AE 2 Theor. 53. 

= (EX 2 + OE 2 ) - (AE 2 + OE 2 ) 

= • OX 2 - r 2 , since 

the z_* at E are rt. l *. 

Similarly it may he shewn that 

the rect. CX, XD = OX 2 - r 2 . 

And since the radius OT is perp. to the tangent XT, 

XT 2 = OX 2 - r 2 . Theor. 29. 

the rect. AX, XB =the rect. CX, XD = the sq. on XT. 

Q.E.D. 
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Theorem 59. [Euclid III. 37.] 

If from a point outside a circle two straight lines arc diattm, one 
of which cats the circle, and the other meets it ; and if the rectangle 
contained hy the whole line which cuts the dude and the part of it 
outside the circle is equal to the square mi the line which meets the 
circle, then the line which meets the circle is a tangent to it. 



From X a point outside the ©ABC, let two straight lines 
XA, XC be drawn, of which XA cuts the circle -at A and B, and 
XC meets it at C ; 

and let the rect. XA, XB = the sq. on XC. 

It is required to prove that XC tmichcs the circle at C. 

Proof. Suppose XC meets the circle again at D ; 

then XA . XB = XC . XD. Theor . 58. 

But by hypothesis, XA . XB = XC 2 ; 

XC . XD = XC 2 ; 

XD = XC. 

Hence XC cannot meet the oirelo again unless the points of 
section coincide ; 

that is, XC is a tangent to the circle. 

Q.E.D. 

Note on Theorems 57, 58. 

Remembering that the segments into which tho ohord AB is divided 
at X, internally in Theorem 57, and externally in Theorem 58, are 
in each case AX, XB, wo may include both Theorems in a single 
enunciation. 

If any number of chords of a circle are drawn through a given point 
within or without a circle, the rectangles contained by the segments of the 
chords are equal. 
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EXERCISES ON THEOREMS 57-59. 


( Numerical and Graphical.) 

1. Draw a circle of radius 5 am., and within it take a point X 
3 cm. from the centre 0. Through X draw any two chords AB, CD. 

(i) Measure the segments of AB and CD ; hence find approximately 
the areas of the rectangles AX . XB and CX . XD, and compare the 
results. 

(ii) Draw the chord MN which is bisected at X ; and from the 
right-angled triangle OXM calculate the value of XM 2 . 

(iii) Find by how much per cent, your estimate of the reot. AX, XB 
differs from its true value. 


2. Draw a circle of radius 3 cm., and take an external point X 
5 cm. from the centre 0. Through X draw any two secants XAB, XCD. 

• (i) Measure XA, XB and XC, XD ; hence find approximately the 
reotangles XA . XB and XC . XD, and compare the results. 

(ii) Draw the tangent XT ; and from the right-angled triangle XTO 
calculate the value of XT 2 . 

(iii) Find by how much per cent, your estimate of the rect. AX, XB 
differs from its true value. 

3. >< ^AB, CD are two straight lines intersecting at X. AX=1 , 8", 
XB = 1'2", and CX=2'7”. If A, C, B, D are concyolic, find the length 
of XD. 

Draw a circle through A, C, B, and ohcck your result by measure- 
ment. 

4. A secant XAB and a tangent XT are drawn to a circle from an 
external point X. 

(i) If XA=0-6", and XB=2-4", find XT. 

(ii) If XT =7'5 cm., and XA=4‘5 cm., find XB. 

• py A semi-oirole is drawn on a given line AB ; and from X, any 
point m AB a perpendicular XM is drawn to AB cutting the oiroum- 

jprnnnn of M . 4-U-4- ° 



bronco at M : shew that 


AX.XB=MX 2 . 


, jj) AX— 2‘5 , and MX— 2’0", find XB; hence find the diameter 

or the semi-circle. 

find MX th ° radiUS ° f the semi -° irole =3*7 om., and AX=4'9 om., 

~#6. A point X moves within a circle of radius 4 cm., and PQ is any 
tho locu^oTI thr ° Ugh X *’ lf m aU Postons PX.XQ,= 12sq. cm., find 

py^Yrf "on * lle loo „ us Le if X moves oufcside the same circle, so that 
rX . XQ=20 sg. cm. ? ’ 
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EXERCISES ON THEOREMS 57-59. 


( Theoretical ,) 


1. ABC is a triangle right-angled at C j nud from C a perpendicular 
CD is drawn to the hypotenuse : show that 

AD. DB=CD 2 . ^ 


2. If two circles intersect, and through any point X in their/ 
common chord two chords AB, CD are drawn, one in each circle, shew’ 
that AX.XB=CX.XD, 

t 

' 3. Deduce from Theorem 5S that the tangents drawn to a circle 
from any external point arc equal. 

•j 4. If two circles interscot, tangents diawn to them from any point^ 
in their common chord produced aro equal. 

-Jj5. If a common tangont PQ is drawn to two cirolcs which out at A 
and B, show that AB produced bisects PQ. 


6. If two straight lines AB, CD intersect at X so that AX.XB 
=CX.XD, deduce from Theorem 57 (by rcduclio ad abtsurdum) that 
the points A, B, C, D are conoyclie. 

7 v V 7. In the triangle ABC, perpendiculars AP, BQ aro drawn from A 
' and B to the opposite sides, and inteiscct at O : shew that 1 

, AO.OP=BO.OQ. 

'-8. ABC is a triangle right-angled at C, and from C a perpendicular, 
CD is drawn to tho hypotenuso : show that 1 

; AB.AD=AC 3 . 

‘•9. Through A, a point of intersection of two circles, two straight 
lines CAE, DAF are drawn, caeli passing through a centre and ter- 
minated by tho circumferences : show that 
CA.AE=DA.AF. 


_ 10. If from any external point P two tangents are drawn- to a 
given circle whoso eentro is 0 and radius r ; and if OP meets the chord 
of contact at Q; shew that 

OP.OQssr 3 . 

11. AB is a fixed diameter of a circle, and CD is perpendicular to 
AB (or AB produced) ; if any straight line is drawn from A to cut CD 
at P and tho oirole at Q, shew that 

AP . AQ=constant. 

12. ”■ A is a fixed point, and CD a fixed straight lino; AP is any 
straight line drawn from A to meet CD at P; if in AP a point Q 
is taken so that AP.AQ is constant, find the locus of Q. 
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EXERCISES ON THEOREMS 57-59. 

( Miscellaneom . ) 

. The chord of an arc of a cirole=2c, the height of the arc=7», the 
radius=r, Shew by Theorem 57 that 

h (2r - h) = c 2 . 

Hence find the diameter of a circle in which a chord 24" long cuts off 
a segment 8" in height. 

2. The radius of a circular arch is 25 feet, and its height is 18 feet : 
find the span of the aroh. 

If the height is reduced by 8 feet, the radius remaining the same, by 
how much will the span be reduced ? 

Check your calculated results graphically by a diag ram in which 1" 
represents 10 feet. 

V 3. Employ the equation h(2r-h)s=<? to find the height of an are 
whoso chord is 16 cm., and radius 17 cm. 

Explain the double result geometrically. 

4. If d denotes the shortest distance from an external point to a 
oirclo, and t the length of the tangent from the same point, shew bv 
Theorem 58 that d(d+ 2r)=fi. 

Hence find the diameter of the circle when <Z=1- 2", and t= 2-4"* and 
verify your result graphically. ’ 

5 : . fcha horizon visible to an observer on a cliff 330 feet above the 

sea-level is 22J miles distant, find roughly the diameter of the earth. 

Hence find the approximate distance at which a bright light raised 
66 feet above the sea is visiblo at the sea-level. b 

ft h ° ight of an ttro of radius and b the chord of half the 

(ire, pi IMG uilctu t|) n , 

cr=2vh. 

tn'nn sem j-° ircle . is described on AB as diameter, and any two chords 
AC, BD are drawn intersecting at P : shew that ^ QS 

AB 2 = AC . AP+ BD . BP. ■ 

ton^nte7Etnd e DF B °* and th °, two direct comm ^ 

*iT * anc T are drawn : if the common chord is nroducprl 
meet the tangents at Q and H, shew that ' P 

\f . GH a =AE a +BC z . 

an . e . xfc 9 mal Point P a secant PCD is drawn to a circle 
and PM is perpendicular to a diameter AB, shew that 1 * 

PM 2 =PC.PD+AM.MB. 
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PROBLEMS. 

Problem 32. 

To draw a square equal in area to a given rectangle. 



X 


, Let ABCD be the given rectangle. 

Construction. Produce AB to E, making BE equal to BC. 
On AE draw a semi-circle; and produce CB to meet the 
circumference at F. 

Then BF is a side of the required square. 

Proof. Let X be the mid-point of AE, and r the radius of 
the semi-circle. Join XF. 

Then the rect. AC = AB . BE 

= (r + XB)(r-XB) 

= r 2 -XB 2 

= FB Z , from the rt. angled A FBX. 

j C orollary. To describe a square eqtf&l in area to any given 
rectilineal figwre. 

Reduce the given figure to a triangle of equal area. Pidb. 18. 

Draw a rectangle equivalent to this triangle. ' Pivb. 17. 

Apply to the rectangle the construction given above. 
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EXERCISES. 


1. Draw a rectangle 8 cm. by 2 cm., and construct a square of equal 
area. What is the length of each side ? 

2. Find graphically the side of a square equal in area to a rectangle 
whose length and breadth are 3'0" and 1’5". Test your work Dy 
measurement and calculation. 


3. Draw any rectangle whose area is 3‘75 sq. in. ; and construct a 
square of equal area. Find by measurement and calculation the length 
of .feach side. 

./ 

‘4. Draw an equilateral triangle on a side of 3", and construct a 
rectangle of equal area [Problem 17]. Hence find by construction and 
measurement the side of an equal square. 

5. Draw a quadrilateral ABCD from the following data : A=65° ; 
AB=AD=9cm. ; BC— CD=5 cm. Reduce this figure to a triangle 
[Problem 18], and hence to a rectangle of equal area. Construct an 
equal square, and measure the length of its side. 

YjB. Divide AB, a line 9 cm. in length, internally at X, so that 
AX . XB = the square on a side of 4 cm. 

Hence give a graphical solution, correct to the first decimal place, of 
the simultaneous equations : 

x+y=9, xy=16. 

7- Taking tV as your unit of length, solve the following equations 
by a graphical construction, correot to one decimal figure : 

*+^=40, Ky=lG9. 


• Tho * re ? of a , rect Pg lG iB 25 s 9- cm., and the length of one side 
is r2 cm. ; find graphically the length of the other side to tho nearest 
millimetre, and test your drairing by calculation. 


Av^'viP^ v ^ e A®’ a l ,ne 8 om^ in length, externally at X, so that 
aa . Atl=the squarejm a side of.‘6 cm. [See pf/245.],. 

Hence find a graphical solution; correcfrto the first decimal place, of 
the equations : «. y=8 ;, ^ 


10. On a straight line AB draw a semi-oirde, apd from any point P 
on the circumference draw PX perpendicular to AB. Join AP, PB, and 
denote these lines by x and y. ’ ’ 

Noticing that ( i ) ^+ar s ==AB=; (ii) zy=2AAPB4 AB . PX ; devise a 
graphical solution of tho equations : ' 

* 2 +^= 100 ; 


xy=25. 
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' Problem 33. 

To divide a given straight line so that the rectangle contained by 
the whole and one part may be equal to the square on the other part. 



Let AB be tbe st. line to be divided at a point X in sucb a 
way that AB.BX = AX 2 . 


Construction. Draw BC porp. to AB, and make BC equal to 
half AB. Join AC. • 

From CA cut off CD equal to CB. 

From AB cut off AX equal to AD. 

Then AB is divided as required at X. 


Proof. Let AB = a units of length, and let AX = x. 

Then BX = a-®; AD=»; BC = CD = 

u 

Now AB 2 = AC 8 - BC 2 , from the rt. angled A ABC ; 
= (AC - BC) (AC + BC) ; 
that iSj a 2 =x(x + a) 

—x z +ax. 


From each of these equals take ax ; 
then a 2 -ax— x 2 1 

or, a(a-x)*=x 2 , 

that is, AB . BX = AX 2 . 


EXERCISE. 

Let AB be divided as above at X. On AB, AX, 
and on opposite sides of AB, draw the squares 
ABEF, AXGH ; and produce GX to meet FE at K. 
In this diagram name rectangular figures equivalent 
to a®, a®, x(x+a), ax, and a(a — a). Hence illus- 
trate the above proof graphically. 


H 
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' NoTB^^itraight line is said to be divided i njfedial JflaB m whei 
the rectangle contained by the given line and oneeegvnent is equal to 
the square on the other segment. 

This division may be inter nal or. e xternal \ that is to say, AB may be 
divided internally at X,*”an3 externally at X', so that 


(i) AB. BX =AX B , 
(u) AB . BX'=AX' 2 . 


To obtain X', the construction of p. 240 must be jnodified thus : 
CD is to be cut off from AC produced ; 

AX' .....from BA produced, in the negative sense. 



ALQEBU^ICALlLTJIS'raATtON._^ i 

If a st. line AB is divided at X, internally or externally, so that 

AB. BX=AX 2 , 

and if AB=a, f\X=x, and consequently BX then 

a(a~ x)—x 2 , 

or, a?+ax~a-~0, 

and the roots of this quadratic, namely, and - + are 

the lengths of AX and AX'. 


EXERCISES. 

~l.s Divide a straight lino 4" long internally in medial section. 
Measure the greater segment, and find its length algebraically. 

i 

2. Divide AB, a line 2" long, externally in medial section at X'. 
Measure AX', and obtain its length algebraically, explaining the 
geometrical meaning of the negative sign. 

3. In the figure of Problem 33, shew that AC=^r~. [Theor. 29.] 

Jence prove (i) AX=^ _ « . («) AX'= - (^r +f )• 

/ 4. If a straight line is divided intemalty in medial section, and 
from the greater segment a part is taken equal to the less, shew that 
the greater segment is also divided in medial section. 

t 


H.S.O. 


Q 
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Problem 34. 

' To draw an isosceles triangle having each of the angles at the lose 
double of the vertical angle. 


A 



B 


Construction. Take any line AB, and divide it at X, 

so that AB . BX — AX 2 . Prol). 33. 

(This construction is shewn separately on the left.) 

With centre A, and radius AB, draw the © BCD ; 
and in it place the chord BC equal to AX . 

Join AC. 

Thon ABC is the triangle required. 

Proof. Join XC, and suppose a circle drawn through A, X 
and C. 

Now, by construction, BA . BX = AX 2 

= BC 2 ; 

.^..BC touches the OAXC at C; Them. 59. 
.\ the L BOX = the ^X AC, in the alt. segment. 

To each add the l XCA ; 
then the l BCA = the L XAC + the L XCA 
= the ext. l CXB. 

And the L BCA = the ACBA, for AB = AC. 

.*. the l CBX = the /. CXB ; 

.'. CX = CB = AX, 

.-. the L XAC = the L XCA ; 

.•. the l XAC + the l XCA = twice the l A., 

But the l ABC = the l AC B = the L XAC + the L XCA Proved, 
' = twice the L A. 
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EXERCISES. 


1 V How many degrees are there in the vertical angle of an isosceles 
triangle/ n which each angle at the base is double of the vertical angle ? 


ingle^r 

2.Vsh« 


2.T Shew how a right angle may be divided into five equal parts by *- 
means of Problem 34. 

^3. In the figure of Problem 34 point out a triangle whose vertical 
''angle is three times either angle at the base. 

Shew how such a triangle may be constructed. 

4 

4. If in the triangle ABC, the L. B=the Z-C— twice the Z.A. shew 

that BC s/5-1 

AB 2 ' 

5. In the figure of Problem 34, if the two circles intersect at F, 
shew that 

(i) BC=CF; 

(ii) the circle AXC=the circum-circle of the triangle ABC ; 

(iii) BC. CF are sides of a regular decagon inscribed in the 

circle BCD ; 

(iv) AX, XC, CF are sides of a regular pentagon inscribed in 

the circle AXC. 

6. In the figure of Problem 34, shew that the centre of the circle 
circumscribed about the triangle CBX is the middle point of the 
arc XC. 

7. In the figure of Problem 34. if 1 is the in-centre of the triangle 
ABC, and I', S’ the in-centre and circum-eentre of the triangle CBX, 
4eu'thatS’l=ST. 

\J 

If a straight line is divided in medial section, the rectangle con- 
tained by the sum and difference of the segments is equal to the 
rectangle contained by the segments. 

£ t - ’ * 4 * 

^9. If a straight line AB is divided internally in medial scetfon at X, 
shew that AB 2 + BX—3AX" " J. 

~£i=o verify this result by substituting the values given on page 241. 
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THE GRAPHICAL SOLUTION OF QUADRATIC EQUATIONS. - 

From the following constructions, which depend on Problem 32, a 
graphical solution of easy quadratic equations may be obtained. 

* /i. To divide a straight line internally so that the rectangle contained 
by the segments may be equal to a given square. 



Let AB be the st. line to be divided, and DE a side of the given 
square. 

Construction. On AB draw a semicircle; and from B draw BF 
perp. to AB and equal to DE. 

From F draw FCC' par 1 to AB, cutting the O” at C and C’. 

Fiom C, C' draw CX, C'X' perp. to AB. 

Then AB is divided as required at X, and also at X'. 

Proof. AX . XB = CX® Prab. 32. 

=BF® 

= DE®. 

Similarly AX'.X'B = DE®. 

Application. The purpose of this construction is to find two straight 
lines AX, XB, having given their sum, viz. AB, and thoir product, viz. 
the square on DE. 

Now to solve the equation a?- 13* + 36=0, we liavo to find two 
numbers whoso sum is 13, and whoso product is 30, or 6®. 

To do this graphically, perform the above construction, making AB 
equal to 13 cm., and DE equal to s/3G or 6 cm. The segments AX, XB 
represent the roots of the equation, and their values may bo obtained 
by measurement. 

Note. If the last term of the equation is not a perfect square, as 
in x--7x+ 11=0, \lTT must bo first got by the arithmetical rule, or 
graphically by means of Problem 32. 
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"WII. To divide a straight line externally so that the rectangle contained 
by the segments may be equal to a given square. 



Let AB be the st. line to be divided externally, and DE the side o! 
the given square. 

Construction. From B draw BF perp. to AB, and equal to DE. 
Bisect AB at O. 

With centre O, and radius OF draw a semi-circle to cut AB pro- 
duced at X and X'. 

Then AB is divided externally as required at X, and also at X'. 

Pm of. AX . XB=X'B . BX, since AX=X'B, 

= BF 2 ' Prob. 32. 

= DE 2 . 

Application. Here we find two lines AX, XB, having given their 
difference , viz. AB, and their product, viz. the square on DE. 

Now to solve the equation x 2 - 6a: -16=0, we have to find two 
numbers whose numerical difference is 6, and whose product is 16, 
or 4 a . 

To do this graphically, perform the above construction, making AB 
equal to 6 cm., and DE equal to vT6 or 4 cm. The segments AX, XB 
represent the roots of the equation, and their values, as before, mav be 
obtained by measurement. 


EXERCISES. 

Obtain approximately the roots of the following quadratics by means 
or graphical constructions ; and test your results algebraically. 

1. x 2 - I0x+16=0. 2. x 2 - 14x+49=0. 3. x 2 - 12x-f 25=0. 

4. x 2 - 5x-36 =0. 5. x 2 - 7x-49= 0. 6. x 2 -10x+ 20=0. 
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EXERCISES FOR SQUARED PAPER. 

1. A circle passing through the points (0, 4), (0, 9) touches the 
re-axis at P. Calculate and measure the length of OP. 

2. With centre at the point (9, 6) a circle is drawn to touch the 
y-axis. Find the rectangle of the segments of any chord through O. 
Also find the rectangle of the segments of any chord through the 
point (9, 12). 

3. Draw a circle (showing all lines of construction) through the 
points (G, 0), (24, 0), (0, 9). Find the length of the other intercept on 
the y-axis, and verify by measurement. Also find the length of a 
tangent to the cirole from the origin. 

4. Draw a circle through the points (10, 0), (0, 5), (0, 20) ; and 
prove by Theorem 59 that it touches the re-axis. 

Find (i) the coordinates of the centre, (ii) the length of the radius. 

5. If a circle passes through the points (16, 0), (18, 0), (0, 12), show 
by Theorem 58 that it also passes through (0, 24). 

Find (i) the cooidinates of the centre, (ii) the length of the tangent 
from the origin. 

6. Plot the points A, B, C, D from the coordinates (12, 0), ( - 6, 0), 
(0, 9), (0, - 8) ; and prove by Theorem 57 that they are ooncyolio. 

If r denotes the radius of the circle, shew that 
OA 2 + OB 2 +OC 2 + OD 2 =4r\ 

7. Draw a circle (shewing all lines of construction) to touch tho 

y-axis at the point (0, 9), and to cut the re-axis at (3, 0). ' 

Prove that tho cirole must out tho re-axis again at the point (27, 0) ; 
and find its radius. Verify your results by measurement. 

8. Show that two circles of radius 13 may bo drawn through tho 
point (0, 8) to touch tho re-axis ; and by means of Theorem 58 find tho 
length of their common chord. 

9. Given a circle of radius 15, the centre being at the origin, shew 
how to draw a second circle of tho same radius touching the given oircle 
and also touching the re-axis. 

How many circles can bo so drawn ? Measure the coordinates of the 
centro of that in the first quadrant. 

10. A, B, C, D arc four points on tho re-axis at distances 6, 9, 15, 25 
from tho origin O. Draw two intersecting circles, one through A, B, 
and tho other through C, D, and hence determine a point P in the 
re-axis such that 

PA.PB=PC.PD. 

Calculate and measure OP. 

If tho distances of A, B, C, D from O aro a, b, c, d respectively, 
prove that 

OP =[ab - cd)/(a+b - c-d ). 



PART Y. 

ON PROPORTION. 
Definitions and First Principles. 


.The-ratio of one magnitude to another of the same kind 
i relation which the first hears to the second in regard to 
Quantity ; this is measured by the fraction which the first is 
of the second. 

Thus if two such magnitudes contain a and & units respectively, the 
ratio of the first to the second is expressed by the fraction 2, 

The ratio of a to b is generally denoted thus, a:b; and a is 
called the antecedent and 6 the consequent of the ratio. 


The two magnitudes compared in a ratio must be of the same kind ; 
for example, both must be lines, or both angles, or both areas. It is 
clearly impossible to compare the length of a straight line with a 
magnitude of a different kind, such as the area of a triangle. Moreover, 
a ratio is an abstract fraotion. Thus the ratio which a line 6 om. long 
bears to a line 8 om. long is f or f, (not fern.). 


Note. It is not always possible to express two quantities of the same 
kind in terms of a common unit. For instance, if the side of a square 
is 1 inch, the diagonal is *J2 inches. But since the numerical value 
of cannot bo exactly determined (though it can be found to any 
number of decimal figures), the side and diagonal cannot be expressed 
in terms of the same unit. Two such quantities are said to be incom- 
mensurable. But by choosing a sufficiently small quantity as unit, twe 
incommcnsurables, such as n/ 2 inches and 1 inch, may be expressed to any 
required degree of accuracy. Thus, remembering that \/§=l-41421 , 

it follows that \/2 inches and 1 inch may be represented by 
ilfio an f ^h rou S hl y> takin S ttsW' as unit, 
and so on 4142 I0 ° 00 ’ m ° re nearly ’ takin S r*W' as unit ; 


2 . If a point X is taken in a 
given line AB, or in AB produced, 
the ratio in which it divides AB is 
the Tatio of the segments of AB, 
namely AX:XB, whether the divi- 
sion is internal as in Fig. 1, or 
external as in Fig. 2. 


* £ B 

Fig. i. 

A B X 

Fig.z. 
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'■ 3. Four magnitudes are in proportion, when the ratio of the 
first to the second is equal to the ratio of the third to the fourth. 

When the ratio a to b is equal to that of x to y, the four 
magnitudes are called proportionals. 

This is expressed by saying “ a is to b as x is to y ” : and the 
proportion is written 

a x 

b = ? 

or a:b=x:y. 

Here a and y are called the extremes, and b and x the 
means ; and y is said to be a fourth proportional to a, b, and x. 

In a proportion, terms which are both antecedents or both 
consequents of the ratios are said to be corresponding terms. 

Note. In a proportion such as a : b=x : y, the magnitudes compared 
in each ratio must be of the same kind, though the magnitudes of the 
second ratio need not be of the same kind as those of the first. For 
instance, a and b may denote areas, and * and y lines ; in which case 
the proportion asserts that the first area bears the same ratio to the 
second area, as the first line bears to the second line. 

\/ 

4. Three magnitudes of the same kind are said.to be pro- 
portionals, when the ratio of the first to the second is equal to 
that of the second to the third. 

Thus a, b, c are proportionals if 

a b . 
l = c’ 

or a:b=b:c. 

Here b is called a mean proportional between a and c ; 

and c is called a third proportional to a and b. 


Axioms. 

(i) Ratios which are equal to the same ratio are equal to . one 
another. 

For instance, if a : b=x : y, and c : d—x : y, 
then evidently a ■.b—c:d. 
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(ii) Magnitudes which bear the same ratio to the same magnitude 
are equal to one another. 

For instance, if a i x=b : x, 

then evidently a =6. 


Introductory Theorems. 

I. If four magnitudes are 'proportionals , they are also pro 
portionals when taken inversely. 

That is, if a:b=x:y, 

then b:a—y:x. 

For, by hypothesis, ? =-; hence - = ^ ; 

' by ax 

or b : a=y \x. 


II. If four magnitudes of the same kind are ‘proportionals, they 
are also proportionals when taken alternately. 

That is, if a:b=x:y, 

then a:x=b:y. 

For, by hypothesis, r—~> 

b y 

multiplying both sides by 


we have 

that is, 
or 


a b x b 

T * ~ J 

o x y x 


a _b 

a:x=b :y. 


Note. In this theorem the hypothesis requires that a and b shall be 
ot the same kind, also that x and y shall he of the same kind: while the 
conclusion requires that a and * shall be of the same kind, and also b 
and y of the same kind. 
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TTT- If four numbers are proportional, the product of the 
extremes is equal to the product of the means. 

That is, if a :b—c id, 

then ad=bc. 

For, by hypothesis, f 5 

multiplying each side of this equation by bd, vre have 

ad— be. 

Corollary. If a, b, c, d denote the lengths of four straight 
lines in proportion, the above result states that the rectangle 
contained by the extremes is equal to the rectangle contained by the 
means. 

• * 

This is illustrated by the following diagram : 



Similarly if three lines a, b, c are proportionals, 
that is, if a:b=bic; 

then ac = br. 

Or, the rectangle contained by the extremes is equal to the square 
on the mean. 

IV. If there are four magnitudes in proportion, the sum 
for difference) of the first and second is to the second as the 
sum (or difference) of the third and fourth is to the fourth. 

That is, if aib=xiy } 

(i) a+b :b—x+y :y; 

(ii) a-bib=x-y:y. 


then 
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For “by hypothesis, 


a_x 

b~y ] 


J+l=?+ 1, or 

by’ by 

ihatis, a+b :b=x+y :y. .... 

This inference is sometimes referred to as componendo. 


(i) 


Similarly by subtracting 1 from the equal ratios % we 

obtain _ b V 

a-b x-y 

b ~ y ’ 

that is, a-b :b=x~y :y. (ii) 

This inference is sometimes referred to as dlvidendo. 


Corollary. If a :b=x:y, 
then a + b :a~b—x+y :x-y. 

This is obtained by dividing the result of (i) by that of (ii). 


In a smes of equal ratios ( the magnitudes being all of the 
same kind), as any aiiteccdent is to its consequent so is the sum of 
the antecedents to the sumrof the consequents. 



x x+y+z+.. 


Let each of the equal ratios i , ... he equal to k 

x y z u 


Then 

by addition, 


a=kx, b=ky, c=ltz, 


&+b + c+ ...*=Ic(x+y+z + j 
, a+b + c+ ... . a 
x+y+z + ... * x 

a\x=sa+b+c+ ... \x+y+z+ ... . 
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YL\(/A given straight line can be divided internally in a given 
ratio at one, and only one, point ; and externally at one, and only 
me, point. ' 

. •<- m+tt — -r m—n x- CP) 

A-c in B A< m B >X 

Fig. I. Fig.2. 

Let AB be the given line, and m : n the given ratio, m being 
greater than n. 

Internal Division, (i) Divide AB (Fig. 1) into m + n equal 
parts \Prdb. 7]j and of these parts make AX to contain m; 
then XB must contain n. 

Hence AX : XB = in : n ; 

that is, AB is divided internally at X in the given ratio. 

(ii) Again, since AX and AB contain respectively m and 
m + n equal parts, 

.*. AX :AB —m:m+n. 

Similarly, if P divides AB in the given ratio m : n, 

1 AP:AB =m:m+n. 

• ^ = 

’ ’ AB AB J 

.*. AX = AP. 

Hence P and X coincide ; that is, X is the only point which 
divides AB internally in the ratio m : n. 

External Division, (i) Divide AB (Fig. 2) into m-n equal 
parts ; and in AB produced make AX to contain m such parts; 
then XB must contain n. 

Hence AX:XB = m:n; 

that is AB is divided externally at X in the given ratio. 

(ii) And it may be shewn, as above, that X is the only point 
which divides AB externally in the ratio m : n. 
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EXERCISES. 

1. Insert the missing terms in the following proportions : 

(i) 3:7= 16 1 ( ); 

(ii) 2‘S : ( )=10 : 32; 

(iii) ( ) : oc 2 =lie : be?. 

2. Oorroot the following statement : 

£65 :78 ft. =£25 :30 ft. 

3. If a straight line, 9‘6” in length, is;divided internally in the ratio 
6 : 7, calculate the lengths of the segments. 

4. If a straight line 4 '5 om. in length is divided externally in the 
ratio 11 : 8, calculate the lengths of the segments. 

5. AB is a straight line, 6 ‘4 cm. in length, divided internally at X 
and externally at Y in the ratio 5:3; calculate tbs lengths of thr 
Segments, and shew that they satisfy the formula 

2 _ 1 , ! 
aB~A* + a7* 

6. If a straight line, o inches in length, is divided internally in the 
ratio m : n, shew that the lengths of the segments are respectively 

~ ■■ . a inches, — !L, . a inches. 

m+n m+n 

7. If a straight line, a units in length, is divided externally in the 
ratio m : n, shew that the lengths of the segments are respectively 

* ■ — . a units, — 2 — . a units, 

m-n m-n 

8. If a : b=x : y, and 6 : c=y : z, prove that a : c=a : z. 

9. If a : b—x : y, shew that a +5 : a=x+y : x. 

10. If a, b, o are three proportionals, shew that a : c=a P : b\ 

11. If two straight lines AB, CD are divided internally in the Bame 
ratio at X end V respectively, shew that 

(i) AB :XB=CD : YD; 

. (ii) AB:AX=CD :CY. 

, ?2. If a, b, c, d are four straight lines such that the rectangle con- 
tained by a and d is equal to that contained by b and c, provo that 

a:6=c:d. 
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PROPORTIONAL DIVISION OP STRAIGHT LINES. 
Theorem 60. [Euclid VI. 2.J 


A straight line drawn parallel io one side of a 1ria n lfl e cu ^ s the 
other two sides, or those sides produced , proportionally. 



Fig. I. ' Fig. 2 . 

•In the A ABC, let XY, drawn par 1 to the side B0> cu ^ AB, AO 
at X and Y, internally in Fig. 1, externally in Fig. 2. 

It is required to prove in both cases that 
AX : XB = AY : YC. 

Proof. Suppose X divides AB in the ratio m: n ‘> that ls > 
suppose AX : XB = T 7 i : n ; 

go that, if AX is divided into m equal parts, then XB may be 
divided into n such equal parts. ' 

Through the points of division in AX, XB let parallels be 
drawn to BC. ’ 

Then these parallels divide the segments AY, Y^ parts 
which are all equal ; Theor. -.2. 

and of these eqtial parts AY contains m, 
and YC contains n ; 
hence AY : YC =* m : n. 

AX:XB=AY:YC 


Q.E.D. 
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Conversely, if a line cuts two sides of a triangle proportionally, 
it is parallel to the third side. 



Fig. i. Fig.2. 

Conversely, let XY out the sides AB, AC proportionally, so that 

AX : XB = AY : YC. 

It is required to prove that XY is parallel to BC. 


Let XP be drawn through X par' to BC, to meet AC in P. 

Then ,AP:PC = AX:XB; X 

but, by hypothesis, AY : YC = AX : XB. 

Thus fC is cut, internally in Fig. 1, and externally in Fig. % 
in the same ratio at P and Y. 


Hence P coincides .with Y, and consequently XP with XY. 

Theor. VI. p. 252 

That is, • XY is par 1 to BC. 

Q.E.D. 


Corollary. If XY is parallel to BC, then 
AX : AB = AY : AC. 

For, taking Fig. 1, it may be shewn that 
AX: AB*=m:m+n; 
and hence, by Theorem 22, that 

AY : AC =m:m+n. 

AX : AB = AY : AC. 

Conversely, if AX : AB = AY : AC. 

it may be proved as above that XY is par 1 to BC. 
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.A' 

Theorem 61. y/ [Euclid YI. 3 and A.] 

If the vertical angle of a triangle is bisected internally or exter- 
nally, the bisector divides the base internally or externally into 
segments which have the same ratio as the other sides of the triangle. 

Conversely, if the base is divided internally or externally into 
segments proportional to the other sides of the triangle, the line joining 
the point of section to the vertex bisects the vertical angle internally 
or externally. 



Fig.i. v Fig.2. 


In the A ABC, let AX bisect the l BAC, internally in Fig. 3, 
and externally in Fig. 3 ; that is, in; the latter case, let AX 
bisect the exterior l B'AC. 

It is required to prove in both cases that 
BX ; XC= BA : AC. 

Let OE be drawn through C par 1 to XA to meet BA (produced, 
if necessary) at E. In Fig, 1 let a point B' be taken in*AB. 

Proof. Because XA and CE are par 1 , 

in both Figs., the l B'AX = the int. opp. aAEC 

Also, by hypothesis, 

the l B'AX = the l XAC 

= the alt. l ACE. 
the AAEC = the A ACE : 

.'. AC = AE. 

« 

Again, because XA is p ? ,r* to CE, a side of the A BCE. 

„\, in both Figs., BX :XC=BA-AE; 
that is, BX : XC=* BA : AC. 


QE.D, 
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Cmvmely, let BC be divided internally (Fig. 1) or exter- 
nally (Fig 2) at X, so that BX :XC = BA: AC. 

It is required to grove that the L B'AX = the l XAC. 

Proof. For, with the same construction as before, 
because XA is par 1 to CE, a side of the A BCE, 

BX : XC = BA : AE. 

But, by hypothesis, BX ■: XC = BA : AC ; 

BA : AC = BA : AE ; 

— - .*. AC = AE. 

(• . the L AEC = the L ACE . 

=the alt. lXAC. 

And in both Figs., 

the ext. L B'AX = the int. opp. L AEC •, 
the l B'AX = the L XAC. 

Q.E.D. 


Definition. 

When a finite straight line is divided internally and exter- 
nally into segments which have the same ratio, it is said to be 
cut Jiarmonically. 

Hfence the following Corollary to Theorem 61. 

* - *• 7 , » 

sj The base of a triangle is divided harmonically by the internal and 
(external bisectors of the vertical angle : 

for in each case the segments of the base are in the ratio of 
the other sides of the triangle. 


[For Theorems,.fi'nd Examples on Harmonic Section see p. 323.] 
fr/ 
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EXERCISES ON THEOREM 60. 


(Numerical and Graphical.) 


1. On a base AB, 3*5" in length, draw any triangle CAB ; and from 
AB cut off AX 2*1" long. Through X draw XY parallel to BC to meet 
AC at V. 

Measure AY, YC ; and hence compare the ratios 


(i,AX AY. . . AB AC. ..... AB AC 
w XB’ YC’ ( J AX’ AY’ 1 


XB’ YC 


2. ABC is a triangle, and XY is drawn parallel to BC, cutting .'the 
other sides at X and Y. 


(i) If AB=3*6", AC=2'4", and AX =2-1", calculate the length , 
ot AY. * 


(ii) If AB=2*0", AC = 1*5", and AY=0*9", calculate the length 
of BX. 

« “ ' 

(lii) If X divides AB in the ratio 8:3, and if AC =8*8 cm., find 
AY, YC. 


3. ABC is a triangle, and XY is drawn parallel to BC, cutting the 
other sides produced at X and Y. 

,(i) If AB=4*5 cm., AC =3 *5 cm., and AX =7 *2 cm., find by cal- 
culation and measurement the length of AY. 

<^(ii) If X divides AB externally in the ratio 11:4, and if AC=4*9 cm., 
find the segments of AC. 


(Theoretical.) 

y 4. Three parallel straight lines cut any lioo transversals proportion f 
ally. » 

r.S \ 

The straight line which joins the middle points of the oblique 
J^Bides of a trapezium is parallel to the parallel sides. 

\/ 6. Two triangles ABC, DBC stand on the same side of the common 
base BC ; and from any point E in BC lines are drawn parallel to BA, 
. BO, meeting AC, DC in F and G. Shew that FG is parallel to AD. 

i 7. In a triangle ABC a transversal is drawn to cut the sides BC, CA, 
AB (produced if necessary) at D, E, and F respectively, and it makes 
equal angles with AB and AC ; prove that 

BD : CD = BF : CE£, 
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EXERCISES ON THEOREM 61 . 

{Numerical and Graphical.) 

1. Draw a triangle ABC, making a=l*5", b=2'i", and c=3-6". 
Bisect the angle A, internally and externally, by lines which meet BU 
and BC produced at X and Y. 

Measure BX, XC ; BY, YC ; hence evaluate and compare the ratios 

BX BY BA 
XC’ YC’ AC' 


2. In the triangle ABC, a=3'5 cm., b—5'4; cm., c— 7'2 cm.; and 
the internal and external bisectors of the A A meet BC at X and Y. 

Calculate the lengths of the segments into which the base is divided 
at X and Y respectively ; and verify your results graphically. 

i 3. Frame constructions, based upon Theorem 61, 

- I (i) to trisect a straight line of given length ; J 
]&(ii) to divide a given line internally and externally in the ratio 3:2. 


{Theoretical.) 

. 4. v AD is a median of the triangle ABC ; and the angles ADB, ADCf £ 
are bisected by lines which meet AB, AC at E and F respectively. Shew I * 
that EF is parallel to BC. * 

-6. ABCD is a quadrilateral : shew, that if the bisectors of the angles v 
A and C meet in the diagonal BD, the blleCtors of the angles B and D ' 
will meet on AC. 

•6. Employ Theorem 61 to shew that in any triangle 

(i) the internal bisectors of the three angles are concurrent ; 

(ii) the external bisectors of two angles and the internal bisector of JA 
the third angle arc concurrent. 

. '-7. If I is the in-centre of the triangle ABC, and if Al is- produced to ^ 
meet BC at X, shew that o 

\/ Al : IX=AB + AC : BC. i 

\ ^ * 4 

V 8.‘ Given the base of a triangle and the ratio of the other sides, find the I 
loot# of the vertex. /.I 

. 1 1 

I * 9J Construct a triangle, having given the base, the' ratio of the } 

| other sides, and the vertical angle. 
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EQUIANGULAR TRIANGLES. 


Theorem 62. [Euclid VI. 4.] 

If two triangles are equiangular to one another, their correspond- 
ing sides are proportional. 



Let the A* ABC, DEF have the ll A and B respectively equal 
to the D and E ; and consequently the l C equal to the L F. 


It is required to prove that 

AB:DE = BC:EF = CA:FD. 


Proof. Apply the a DEF to the A ABC, so that E faljs on 
B, and EF along BC 

then since the L E =the 4.B, ED will fall along BA. 

Let G and H be the points at which D and F fall respectively; 
so that GBH represents the A DEF in its new position. 

Now, by hypothesis, the c. D = the LA; 
that is, tlio ext. l BGH = tlie int. opp. L BAC; 

.*. GH is par 1 to AC. 

Hence BA : BG = BC : BH ; * Theor. 60, Cor. > 

that is, ' * AB : DE= BC : EF. 

Similarly, by applying the A DEF to the A ABC, so that F 
falls on C, and FE, FD along CB, CA, it may be shewn that 
BC : EF = CA : FD. 

Hence finally, AB : DE = BC : EF = CA : FD. 


Q.E.D. 
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Theorem 63. [Euclid VI. 5.] 

If two triangles have their sides proportional when taken in order , 
the trimgles arc equiangular to one another, and those angles arc 
equal whicft^iTe opposite to corresponding sides. 


E 

6 ‘ C 

In the A' ABC, DEF, let 

AB:DE = BC: EF = CA:FD. 

It is required to prove that the A a ABC, DEF are equiangular to 
one another. 

At E in FE make the A FEG equal to the a B ; 
and at F in EF make the A EFG equal to the aC. 

. the remaining A EGF = the remaining A A. 

IProof. Since the a* ABC, GEF are equiangular to one 
another, 

. AB : GE = BC : EF. Theor. 62. 

But, by hypothesis, AB : DE = BC : EF ; 

AB : GE = AB : DE. 

GE=DE. 

Similarly GF = DF. 

Then in the a* GEF, DEF,' 

[ GE = DE, 

because 4 GF = DF, v 
[and EF is common ; 

. the triangles are identically equal ; Theor. 7 
the A DEF = the a GEF 
=the aB; 

and the A DFE= the aGFE 
= the aC. 

>'■ the remaining a D = the remaining A A j 
that is, the A DEF is equiangular to the a ABC. Q.E.D. 
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EXERCISES ON EQUIANGULAR TRIANGLES. 

[Numerical and Graphical. The results are to he obtained by calculation 
and checked graphically.) 

1. In a triangle ABC, XY is drawn parallel to BC, cutting the other 

sides at X and Y : < 

(i) If AB=2*5", AC=2*0", AX=1*V; find AY. 

<ii) If AB=3*5", AC =2-1", A Y = 1 -Sr; find AX. 

(iii) If AB=4*2 cm., AX =3*6 cm., AY=6*6cm. ; find AC. 

2. In the figure of the last example : 

(i) If AB=2*4", BC=3*6", AX=1*4" 5 find XY. 

(ii) If BC=7*7 cm., XY=5*5cm., AX=4*5cm. ; findAB. 

3. In the triangle ABC, a=3*0", 6=3-6", e=4-2"; and QR, drawn 
parallel to AC, measures 3*0". Find the remaining sides of the 
triangle QBR. 

4. ABC is a triangle in which a=8 cm., 6=7 cin., and c=I0 cm. 
In AB a point P is taken 4 cm. from A, and PQ is drawn parallel to 
BC. Find the lengths of PQ and QC. 

' 5. The sides of a triangular field are 400 yards, 350 yards, and 
300 yards respectively. In a plan of the field the greatest side 
measures 2*4" ; find the lengths of the other Bides. 

6. XY is drawn parallel to BC, tho base of the triangle ABC. If 
AX =81 ft., XY=3J ft., AY=G ft. 2 in., and XB=4£ ft. ; calculate the 
aides of the triangle ABC. 

7- The triangle ABC is right-angled at C ; and from P, a point in 
the hypotenuse, PQ, is drawn parallel to AC. 

If AC=li", BC=3", and PQ=i"; find BQ, BP, and AP. 

8. In a triangle. ABC, AD is the perpendicular from A on BC ; and 
through X, a point in AD, a parallel is drawn to BC, meeting the other 
sides in P, Q. , 

If BC=9 cm., AD=8 cm., DX=3cm. ; find PQ. 

9. In the triangle ABC. a=2*0 cm., 6=3*5 cm., c=4’5 cm. BD and 
CE are drawn from the ends of the base to the opposite sides, and they 
intersect in P. 

If EP:PC=DP:PB=2:5, 

find the lengths of ED. AD. and DC. 



EQUIANGULAR TRIANGLES.'*' 


• ZOO 


EXERCISES ON EQUIANGULAR TRIANGLES. 
(Theoretical.) 

1. Shew that the straight line which joins the middle points of two 
sides of a triangle is 

(i) parallel to the third side ; (ii) one-half the third side. 

2. ' In the trapezium ABCD, AB is parallel to DC, and the diagonal! 
intersect at O : shew that 

OA:OC=OB:OD. 

K AB=2DC, shew that O is a point of trisection on both diagonals. 

3. If three concurrent straight lines are cut by two parallel trans- 
versals in A, B, C, and P, Q, R respectively ; prove that 

AB: BC=PQ: QR. 


1. ABCD is a parallelogram, and from D a straight line is drawn to 
; AB at E, and CB produced at F. In this figure name 


4. 

cut AB at E, and CB produced at F. In this figure name three triangles 
which are equiangular to one another; and shew that 

DA: AE=FB : BE=FC : CD. 

~ . 

-5.J In the side AC of a triangle ABC any point D is taken : shew 
that if AD, DC, AB, BC are bisected in E, F, G, H respectively, then 
, EG <is equal to HF. 

- J 6. AB and CD are two parallel straight lines ; E i3 the middle point 
of CD ; AC and BE meet at F, and AE and BD meet at G : shew that 
PG is parallel to AB. 

7. AB is a diameter of a circle, and through A any straight line is 
drawn to cut the circumference in C and the tangent at B in D : shew that 

(i) the A* CAB, BAD are equiangular to one another ; 

(ii) AC, AB,~AD are three proportionals ; 

(iii) the rect. AC, AD is constant for all positions of AD. 

I 

- 8. If through any point X within a circle two chords AB, CD are 

drawn, and AC, BD joined ; shew that 

(i) the A* AXC, DXB are equiangular to one another ; 

, / (ii) AX : DX =XC : XB. 

* * 

Hdnce obtain an alternative proof of Theorem 57. 

* * 

"19. If from an external point X a tangent XT and a secant XAB are 
drawn to a circle, and AT, TB joined*; shew that 

(i) the A 7 8 AXT, TXB are equiangular to one another ; 

(ii) XA : XT =XT : XB. 

Hence obtain an alternative proof of Theorem 58. 
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Definitions. 

1. Two rectilineal figures are said to be equiangular to 
one another when the angles of the first, taken in order, are 
equal respectively to those of the second, taken in order. 

2. Kectilineal figures are said to be similar when they are 
equiangular to one another, and also have their corresponding 
sides proportional. 

Thus the two quadrilaterals ABCD, 

EFQH are similar if the angles at 
A, B, C, D are respectively equal to 
those at E, F, G, H, and if the follow- 
ing proportions hold : 

AB_BO_CD_ DA 
EF“FG — GH~ HE' 

3. Similar figures are said to be similarly described with 
regard to two sides, when these sides correspond. 

NOTE ON SIMILAR FIGURES. 

* 

Similar figures may be described as those which have the same shave. 

For this, ttro conditions are necessary : 

(i) the figures must have their angles equal each to each, taken in order; 

(li) their corresponding sides must he proportional. 

fn'the case of triangles we have learned that these conditions are not 
independent, for each follows from the other : thus 

(i) if the triangles are equiangular to one another, Theorem 62 
proves that their corresponding sides are proportional ; 

(ii) if the triangles have their sides proportional. Theorem 63 proves 
that they are equiangidar to one another. 


This, however, is not necessarily the case with 
rectilineal figures of more than three sides. For 
example, the first diagram in the margin shews 
two figures which are equiangular to one another, 
hut which clearly have not their sides propor- 
tional; while the figures in the second diagram 
have their sides proportional, but are not equi- 
angular to one another. 
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Theorem 64. [Euclid YL 6.] 

If Uco triangles have one angle of the one equal to one angle of 
the other , and the sides about the equal angles pioportionals, the 
triangles are similar. 

A 

D 


B . C E F 

In the A' ABC, DEF, let the A A = the A D, 
and let AB : DE = AC : DF. 

It is required to prove that the A* ABC, DEF are similar. 

Proof! Apply the a DEF to the A ABC, so that D falls on A, 
and DE along A*B ; 

then because the A EDF = the A BAC, DF must fall along AC. 

Let G and H be the points at which E and F fall respectively : 
so that AGH represents the A DEF in its new position. 

Now, by hypothesis, AB : DE = AC : DF; 
that is, AB : AG = AC : AH ; 

heuce GH is par' to BC. Theor. 60, Cor 
.*. the ext. z. AGH, namely the iE, = the int. opp. A ABC; 
and the ext. A AHG; namely the A F, = the int. opp. a ACB. 

Hence the A’ ABC, DEF are equiangular to one another, 
so that their corresponding sides are proportional ; Theor. 62 
that is, the A* ABC, DEF are similar. 




Q.ri.I>. 
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♦Theorem 65. [Euclid YI. 7.] 

If two triangles have one angle of the one equal to one angle of 
the other, and the sides about another angle in one proportional to the 
corresponding sides of the other, then the third angles are either 
equal or supplementary ; and in the former case the triangles are 
similar. 



In the A* ABC, DEF, let the z.B = the l E ; and let the sides 
about the (J A and D bo proportional, 
namely AB : DE = AC : DF. 

It ^required to prove that 

either the lC = the L F* [as in Figs. 1 and 2] ; 
or the lC — the supplement of the l F. [Figs. 1 and 3. J 

Proof, (i) If the z.A = t!he L D, [Figs. 1 and 2], 

then the z_C = the L F ; Theor. 16. 

and the a" are equiangular, and therefore similar. 

(ii) But if the l A is not equal to the L EDF [Figs. 1 and 3] 
let the l EDF' *= the l A. 

Then the a" ABC, DEF' are equiangular to one another ; 

.*. AB : DE =AC : DF'. 

But fry hypothesis, AB : DE = AC : DF ; 

.*. AC : DF' = AC : DF. 

.-. DF'= DF. 

.-. the L DFF' = the L DF'F. 

But the L C = the l DF'E Proved. 

— the supplement of the l DF'F 

— the supplement of the l DFE. 

Q.E.D. 
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EXERCISES ON STMTT.AK. TRIANGLES. 

{ Theoretical .) 

I. In a triangle ABC, prove that any straight line parallel to the 
base BC and intercepted by the other two sides is bisected by the 
median drawn from the vertex A. 


2/ Two triangles ABC, A'B'C' are equiangular to one another ; 
if p, p' denote the perpendiculars from A, A' to the opp. sides, 


R, R' ...circum-radii; 

r, r' in-radii; 


prove that each of the ratios 
of corresponding sides. 


R 

R" 


r_ 

r' 


is equal to the ratio of any pair 


_3. Prove that the radius of the circle which" passes through the 
mid-points of the sides of a triangle is half the circum -radius. 

t/4. If two straight lines AB, CD intersect at X, so that 
XA:XC=XD:XB; 

(i) shew by Theorem 64 that the A* AXD, CXB are similar ; 

(ii) hence prove the points A, D, B, C concyclic. 

5. A, B, C are three collinear points, and from B and C two parallel 
lines BP, CQ, are drawn in the same sense, so that 

PB : QC=AB : AC; 

shew by Theorem 64 that the points A, P, Q are collinear. 


6. If in two triangles ABC, A'B'C', the AB=the AB', and 
what conclusion may be drawn ? c ' V' 

Shew by diagrams how this conclusion is affected, if it is also civen 
^at (i) c is less than b, 

(ii) c is equal to 6, 

(iii) c is greater than b. 


. f BCD is a P ara Uelo"ram ; P and Q are points in a straight line 

sl *■ “ <1 PD " d Qc ““ •* s; 


8. In a triangle ABC the bisector of the vertical angle A meets the 

base at D and the circumference of the circnm-circle at E ; if EC is 

L°‘ ned ’ + w eW that the trian g les BA D» EAC are similar; ud hence 
prove tnat 

AB . AC=AE . AD. 
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1 Theorem 66, [Euclid VI. 8.] 

• * 

In a right-angled, Mangle, if a perpendicular is diaxon from the 
right angle to the hypotenuse, the triangles on each side of it an 
similar to the whole triangle and to one another. 

e 



Let BAC bo a trianglo right-angled at A, and let AD be 
drawn porp. to BC.. 

It is required to prove that the a' BDA, ADC arc similar to the 
A BAC avid to one another. 

In the A* BDA, BAC, 
the l. BDA = the L BAC, being rt. angles, 
and the l B is common to both ; 
the. remaining l BAD = the remaining L BCA 27ieoc. 16 
hence the A BDA is equiangular to the A BAC ; 
f. r -' their corresponding sides are proportional ; 

,\ the A* BDA, BAC are similar. 

In the same way it may be proved that the A" ADC, BAC 
are similar. 


Hence the a" BDA, ADC, having their angles severally equai 
to those of the A BAC, are equiangular to one another ; 

they are similar. 

Q.E.D. 

J ' ’Corollary, (i) Because the A* DBA, DAC are similar, 

.-. DB : DA = DA : DC ; 

that is, ^ DA is a mean proportional between DB and DC j 
ftnd ’ DA3==_DB.^,DC. 

(ii) Because the A" BCA, BAD are similar, * 

BC:BA=BA:BD; ' 

hence B A 2 - B O. BD. 

(iii) Because the A* CBA, CAD are similar, 

.-. CB : CA=CA : CD; 

CA*=CB. CD, 


hence 



MISCELLANEOUS EXAMPLES. 


269 


EXERCISES. 


( Miscellaneous Examples on Theorems 62-66.) 

1. ABC is an equilateral triangle of which £ach side = a. In 
BC, produced both ways, two points P and Q are* taken, such that 
BP=CQ=a, and AP, ACJ are joined. Shew that 

(i) PQ, : PA=PA : PB. 

(ii) PA 2 =3a 2 . 

“ 2. j'ksO is a triangle right-angled at A, and AD is drawn perpen 
dicular to BC : if AB, AC measure respectively 4" and 3", shew that the 
segments of the hypotenuse are 3 ‘2" and 1 ‘8". 

■\?3. ABC is a triangle right-angled at A, and a perpendicular AD is 
drawn to the hypotenuse BC ; shew (i) by Theorem 2o, (ii) by Theorem 
66, thalf 

BC. AD=AB. AC. 


4. ABC is a triangle right-angled at A, and AC* is drawn perpen- 
dicular to the hypotenuse, also C'A' is drawn parallel to CA. If 
AC =15 cm., and AB=20 cm., shew that AC' = 12 cm., and C'A' =9 ‘6 cm. 

At the extremities of a diameter of a circle, whose centre is C 
and radius r, tangents are drawn : these are cut in Q and R by any 
third tangent whose point of contact is P. Shew that 

- (i) QR subtends a right angle at C ; 

(ii) PQ. PR= r a . 

' f* * ~ ' ^ ■“*' * * 

6. Two circles of radii r and r' respectively haVe external contact 
at A, and a common tangent touches them at P and Q. Shew that 

^ t ‘ 

W PQ subtends a right angle at A ; 

^ ‘ p (ii) PQ, s =4rr 'i- 

[Produce PA, QA to meet the circumferences at X and Y, and prove 
the triangles PAY, XAQ right-angled and similar.] 


(Ex. 9. p. 187]* 


7. Two circles touch one another externally at A, and a common 
tangent PQ is produced to meet the line of centres at S. Shew that, 
if PA, AQ are joined, 

(i) the triangles SAP, SQA are similar ; 

,(ii) SA 2 =SP, SQ. 

. - / 

,8. Two circles intersect at A and B ; and at A tangents are drawn, 
one to each circle, to meet the circumferences at C and D : shew that ii 
BC, BD are joined,* 
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THE TRIGONOMETRICAL RATIOS. 


1. Let PAQ be any acute angle ; in AP, one of 
the arms of the angle, tabe a point B, and draw 
BC perp. to AQ 

Then with reference to the A A in the right- 
angled A BAC, the following definitions are used. 



The ratio _g, 
The ratio 
The ratio 


or 

or 

or 


opposite side ca ^ e ^ c £ the LA. 

hypotenuse 


adjacent side, cosine of the LA. 

hypotenuse 


o pposite side 
adjacent side’ 


tangent of the A A. 


The reciprocals of these ratios are Renown respectively as the cosecant 
the secant, and the cotangent of A. 

These six ratios are called the trigonometrical ratios of the A A, anc 
're usually expressed in the following shorter form. 


sin As: 


cosec A = 


BC 

AB’ 

AB 

BC’ 


cosA= 


secA= 


AC 

AB’ 

AB 

AC’ 


tan A= 
cot A= 


BC 

AC’ 

AC 

BC' 


Note. The squares of these ratios, namely (sin A) 2 , (cos A) 3 , ... are 
usually written in the form sin 2 A, cos 2 A, ' 


2. In the adjoining figure, let BC, DE 
be perps. to AQ, from pointe in AP. and let 
F G be perp. to AP from a point F in AQ. 


A C E F Q 
Then *he A’ BAC, DAE, FAG are similar, so that 

BC_DE_FG 
AB — AD — AF' 



But these ratios express the value of sin A according as it is determined 
from the A BAC, the A DAE, or the A FAG. “ in 

Tins sin A is unaltered so long as the L A remains the same. A 
amihu: proof holds for each of the trigonometrical ratios, shewing that 
they depend only on the size of the angle and not upon the lengths of 
ite arms w 
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EXERCISES. 

1. In a triangle ABC, right-angled at C, a~S, 6=15 ; find c, and 
write down the values of sin A, cos A, and tan A. 

2. In a right-angled triangle, the sides containing the right angle 
are 35 and 12 : find the hypotenuse, and write down all the trigono- 
metrical ratios of the smallest angle. 

3. If A is any acute angle, shew that Theorem 29 may be made to 
assume either of the forms : 

(i) sin 2 A+cos 2 A=l ; (ii) sec 2 A= 1 + tan 2 A. 

4. ABCD is a quadrilateral in which the diagonal AC is at right 
angles to each of the sides AB, CD. If AB=1'5 cm., AC=3'6 cm., 
AD =8-5 cm., draw the figure, and find sin ABC, tanACB, cosCDA, 
tan DAC. 

6. If A is any acute angle, shew that 

(i) sin (90° - A) = cos A; (ii) tan (90° - A) = cot A. 

: 6. • Construct an acute angle whose sine is 0’6. [See Prob. 10, p 83.1 
Measure the angle with your protractor and give its value to the nearest 
degree. 

7. Construct an acute angle A from each of the following data : 

(i) tan A=0’7 ; (ii) cosA=0’9; (iii) shiA=0’71. 

In each case measure the angle to the nearest degree. 

8 - Construct an acute angle A such that tan A= 1-6. Measure the 
angle A, and ascertain by measurement and bv calculation the value of 
cos A. 


9. Prove the following results 

(i) sin 45° = cos 45 ° = — ; (ii) sin 60 8 =cos30'=^. 

v ^ 2 

[See Ex. 11, p. 123, and E\. 14, p ] J 4 .] 


10. Construct a triangle ABC, right-angled at C, having the hypo 
° m - “ length, and tan A= 0-81. Measure AC and the angle A ; 
and find the values of sin A and cos A. ® 


11. Draw a right-angled triangle ABC from the following data • 
tan A=0‘7, <-C=90% 6=2-8 cm. 

Measure c and the LA. 
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S. The definitions on page 270 may 
be extended to obtuse angles as follows : 

Let XOX' be a straight line, and let 
OY be perp. to it. 

• Let the angle A be traced by the re- 
volution about O of the line OP which 
starts from the position OX. 

Draw PM perp. to X'OX, thus form- 
ing a right-angled triangle POM. Then 
whatever the position of OP, the trigono- 
metrical ratios of the angle A through 
which OP has turned are thus defined : 

. . PM . OM . . PM 

smA= OP’ cosA= OP> tauA =oivj’ 

with the understanding that OM is to be considered positive when it is to 
the right of OY, and negative when to the left of OY. [Compare p. 133.] 

For example, in the above figure, 

- a PM_ S _ . 
amA- OP~10 ~ 8 ‘ 

. OM -6 . 

cosA =oP=To 6. 

A PM 8 4 

tan A _ Q|yj— _ 6 _ -g. 



Example. To express trigonometrically 

(i) the perpendicular from the vertex of a triangle on the base ; 

(ii) the projection of one side on another. 

AD 

ii) In both Figs., ^g=sin C, 

the eine of C being positive in each case. 

.•. p—b sinC. 

CD 


(ii) In Fig. 1, 


CA 

CD 


= cosC. 



In Fig. 2, also represents cos C, 

If CD is considered negative. 

* numerically 

OD= + h cos C in Fig. 1. 

CD= - b cos C in Fig. ‘2. 



Fig. 2. 
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SOME GEOMETRICAL RESULTS EXPRESSED IN 
TRIGONOMETRICAL FORM. 

[The diagrams referred to are those oj the preceding example :] 

1. In both Figs., p=6sinC. 

Similarly it may be proved that p=c sin B. 

• 1) c 

Hence b sin C=c sin B ; ' 

Similarly -r-v =-^- s =- r ~ ^ , 

sm A sin B sin C 

that is, the sides of a triangle are proportional to the sines of the opposite 
angles. 

2, From this property of a triangle deduce Theorem 62 


a 


sin B sin C" 
b c 


3. In both Figs. 

area of A ABC=iBC . AD =£ap ; 
and 3>=&sinC; .*. J^^aheinC 

Similarly A sin A = hca sin B = hab Bin C. 


4. Express in trigonometrical form the area of 

(i) a parallelogram, given two adjacent sides and the included angle 

(ii) a rhombus, given one side and one angle. 

5. Shew that the circum-radius of a triangle is given by the 

fOTnrala p- a _ dbc 

2sin A 4A* 

6. In Fig. 1, we have 

AB 2 = BC 2 + CA 2 — 2BC . CD. Theor. 55, 

In Fig. 2, we have 

AB 2 =BC 2 +CA 2 +2BC . CD. Theor. 54, 

Now in Fig. 1, CD = +b cos C ; 
and in Fig. 2, CD = - b cos C. 

Hence in both cases we have, on substitution, 
c 2 j=o 2 + b- - 2ab cos C. 

Similarly it may be shewn that 

o 2 =6 2 + c- - 2 be cos A. 
lr=cr+a- — 2c a cos B. 


H.S.G. 


s 
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PROBLEMS. 


Problem 35. 

, * , 

To find the fourth proportional to three given straight lines. 

Let A, B, C be the three given 
st. lines, to which the fourth pro- 
portional is required. 

AC 

Construction. Draw two st. lines DL, DK of indefinite 
length, containing any angle. 

From DL cut off DG equal to A, and GE equal to B ; 
and from DK cut off DH equal to C. ' 

Join GH. 

Through E draw EF par 1 to GH. 

Then HF is the fourth proportional to A, B, C. 



Proof. Because GH is par 1 to EF, a side of the A DEF j 
.*. DG : GE = DH : HF. 

But DG=A, GE = B, and DH = C; 

A : B = C : HF ; 

that is, HF is the fourth proportional to A, B, C. 


'■ Problem 36. 

To find the third proportional to two given straight lines. 

Let A, B be the two lines to 
which the third proportional is 
required. 


Construction. Draw two st. lines DL, DK. 

From DL cut off DG equal to A, and GE equal to B j 
and from DK cut off DH also equal to B. 
Join GH. 

Through E draw EF par 1 to GH. 

Then HF is the third proportional to A, B. 

Proof. As above, in Problem 35. 


A B D 



E L 
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Problem 37. 


To divide' a given straight line internally and externally in a 
given ratio. 



Let AB be the st. line to be divided internally and externally 
In the ratio M : N. 


Construction. From A draw a st. line AH at any angle with 
AB. 

From AH cut off AP equal to Wl. 

From PH and PA out off PC and PC', each equal to N. 

J oin BC, BC . 

Through P draw PX par 1 to BC, and PY par 1 to BC'. 

Then AB is divided internally at X, and externally at Y in 
the ratio M : N. 


Proof, (i) Because PX is par 1 to BC, a side of the A ABC, 
.*. AX:XB = AP:PC 
= M : N. 

(ii) Because PY is par 1 to BC', a side of the a ABC', 
AY : YB = AP : PC' 

= M : N. 

Corollary. By a similar process a 
st. line AB may be divided internally 
into segments proportional to three lines 
L, M, N. 

• v A 

Construction. Draw AH, and from it 

cut off AP, PQ, QR equal respectively-to 1 

L, M, N. ‘Join RB ; and through P and M 

Q draw PX, QY par 1 , to BR. N 

Then evidently AX : L = XY : M = YB : N. 




276 


GEOMETRY. 


Problem 38. 

To find the mean proportional between tico given straight lines. 



Let AB, J ^J3(UlieJm’0.giTen^JinesJbaPtTC(^ n ^ t i c ] 1 j^ 
mean proportional is to be found. 

Construction. Elaco AB, AC in a strai^ iit line, and in 
apposite senses : and on BC describe the semi-cir^Q 

From A draw AD at rt. angles to BC, to cut tli e q« a t d. 

Then AD is the mean proportional between AB and AC. 

Proof. Join BD, DC. 

.RE15J Jiairg'.iva? jaunwiTOih; .i?«a r t angle. 

And because in the right-angled A BDC, DA it; drawn from 
the rt. angle perp. to the hypotenuse, 

the A'ABD, ADC are similar; Thcor. 66. 

AB : AD = AD : AC ; 

that is, AD is the mean proportional between ab and AC. 


i jnote. If the given lines AB,.AC tire p lac ed in 
ha-s ame sense, the mean proportional— between 
hem may bo out off from AB by the following 
seful construction. 



C X B 


On AB draw a semi-circle ; and from C draw CD 
the 0“ at D. From AB cut off AX equal to AD. 


P ot p. to AB to cut 


Then AX is the mean proportional between AB ^3 AC, 

'he A'ABD, ADC are similar, Theor. GG, 

.-. AB:AD=AD:AC; 

AB :AX=AX : AC. 


that is. 
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GRAPHICAL EVALUATION OF A QUADRATIC SURD. 
Example. Find the approximate value of (i) \/5, (ii) V^I. 

(i) 'JE—'JKxl. Hence take AB, AC respectively to represent 5 and 
1 in terms of any convenient unit, and find AD the mean proportional 
between them. 

Then since AB : AD = AD : AC, 

.-. AD 2 =AB. AC 
=5x1=5. 

•. AD=\/5. 

Thus by measuring AD, the valuo of iJE is roughly found to be 2*24. 

(ii) n/2IW7 x 3. Here take AB, AC equal to 7 cm. and 3 cm. 
respectively, and proceed as before. 

Note. Factors should be chosen so as to give convenient lengths for 
AB, AC. * 

e.g. n/23=n/2-3x 10 ; ^=*,^2x5. 


Definition. 


- 4 straight lin e, is said to bo. divided in.,exta[eme^aiid' mean 
ratio, _when the whole is to tlie greater segment L as the greater" 
segment is to the less. * ’ * ” ' " ' 


A X B 

-/Thus AB is divided at X in extreme and mean ratio, 

when , AB:AX=AX:XB; 

from which it follows that 


AB. BX=AX 3 ; 

or, the rectangle contained by the whole line and one part is equal to the 
square on the other part. 

yHence a straight line may bo divided in extreme and mean 
240° ^ Problem For Construction and Proof see page 
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EXERCISES. 

1. " find graphically, testing your rcsultB by arithmetic: 

(i) The 4 th proportional to 2*4", 1*5", 1*6*. 

(ii) The 3 rf proportional to 2*5" and 1'3* 

/ (iii) The mean proportional betweon 7*2 cm. and 5 - 0 cm. 

2. s Divide a line, 2*0* in length, internally and externally m the 
ratio 7:3; and in each case find the segments by measurement and 
calculation. 

3. Obtain graphically the unknown term in the following statements 
of proportion ; and check your result by arithmetic : 

(i) 1 *23 : a; =1*0 : 1*6. [Take 1" as the unit of length.] 

(ii) x : 4 -2=4*2 : 6*3. [Take 1 cm. as the unit of length.] 

(iii) x : 1G = 25 : x. [Let 1" represent 10.] 

4. ^ Divide a line,-7*2 cm. in length, into three parts proportional to 
the numbers 2, 3, 4. Test your construction by measurement and 
calculation. 


5. Divide a line, 3*9" in length, into thvee parts, so that the second 
=§ of the first, and the third = J of the second. 

6. ' On a side of 1*5" draw a rectangle equal in area to a square on 
a side of 2". Measure the other side of the rectangle. 


7. Find graphically the approximate vnlues of 
(i) n/ 3; (ii) (iii) 

* 8. \-Determine by geometrical constructions the approximate vnlues 

of the following expressions, in each case verifying your drawing 
arithmetically : 


3*5 x 2*4 


2*71x1*26 


f' 9._ Draw a triangle ABC from each of the following sets of data, 
and in each case calculate and measure tho lengths of the sides : 


(i) The perimeter = 4 *8" ; and s = 7 = |. 

•>4 5 


(ii) Theperimeter=ll*l cm. ; and «=■§■&, 6=-|c. 

(iii) Theperimeter=ll*8om. ; and^=?=5, 

(iv) o=4-(T, A s= 90° ; and 6 : c=5 : 3. 
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EXERCISES, 

{Proportion applied to the calculation of Heights and Distances.) . 

1. A field is represented in a plan by a triangle ABC, in which 
3=8 om., 6=5‘6 cm., c=6'4 cm. If the greatest Bide of the field is 200 
metres, find the lengths of the other sides. 

A fence, run across the field, is represented in. the plan by a line PQ 

K llel to BC drawn from a point P in AB distant 4’0 cm. from A. 
tbe length of the fence. 

2. A’s speed is to B’s in the ratio 8 s 7 ; find graphically by how 
much A would beat B in a 100 yards’ race, supposing each man to run 
throughout at a uniform rate. 

3. On a map in which 1" represents 25 miles, three places A, B, and 
C are marked. Of these, B appears N.W. of A at a distance 0'8"; and 
C appears N.E. of A at a distance 1 ‘5". Find the actual distance between 
B and C. 

4. A man, whose height is 6 feet, standing 32 feet from a lamp-post, 
observes that his shadow cast by the light is 8 feet in length : how 
high is the light above the ground, and how long would be the shadow 
of a boy 5 feet in height standing 20 feet from the post? 

5. A man 6 feet in height, standing 15 feet from a lamp-post, observes 
that his shadow cast by the light is 5 feet in length : how high is the 
light, and how long would his shadow be if he were to approach 8 feet 
nearer to the post ? 

6. To find the width of a canal a rod is fixed vertically on the bank 
bo as to shew 4£ feet of its length. The observer, whose eye is 5 ft. 8 in, 
above the ground retires at right angles from the canal until he sees the 
top of the rod in a line with the further bank. If his distance from the 
nearer bank is now 20 feet, what is the width of the canal ? 

7. A man, wishing to ascertain the height of a tower, fixes a stafi 
vertically in the ground at a distance of 27 ft. from the tower. Then, 
retiring 3 ft. farther from the tower, he sees the top of the staff in line 
with the top of the tower. If the observer’s eye and the top of the staff 
are respectively 5 ft. 4 in. and 12 ft. above the ground, find the height 
of the tower. 

8. A. person due S. of a lighthouse observes that his 'shadow cast 
by the light at the top is 24 feet long. On walking 100 yards due E. 
he finds his shadow to be 30 feet long. Supposing him to be 6 feet 
high, find the height of the light from the ground. 
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SIMILAR FIGURES. 

* 

/ 

^Theorem 67. 

Similar polygons can be divided into ihe same number of similar 
triangles; and the lines joining corresponding vertices in each figure 
are proportional. 


A B F G. 

Let ABODE, FGHKL he similar polygons, the vertex A 
corresponding to the vertex F, B to G, and so on. Let AC, AD 
be joined, and also FH, FK. 

It is repaired to prove that 

(i) the A* ABC, FGH are similar ; as also the A' ACD, FHK, . 
and the A' ADE, FKL. 

(ii) AB : FG = AC : FH = AD : FK. 

Proof, (i) Since the polvgons are similar, 
the L ABC = the L FGH, 
and AB : FG = BC : GH ; 

.*. the a* ABC, FGH are similar. Theor. 64. 
.•. the ABCA = the aGHF; 
but because the polygons are similar, 
the L BCD = the aGHK; 

.-. the a ACD = the A FHK. 

Also AC : FH = BC : GH, for the A" ABC, FGH are similar, 

= CD : HK, for the polygons are similar. 

That is, the sides about the equal a' ACD, FHK are pro- 
portional, 

.*. the a’ ACD, FHK are similar. Theor. 64 
In the same way the a' ADE, FKL are similar. 

(ii) And AB : FG = AC : FH, from the similar a* ABC, FGH ; 

= AD : FK, from the similar A' CAD, HFK. 

(J.E.D 
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Note. In the last Theorem the polygons 
have been divided into similar triangles _ by 
lines drawn from a pair of corresponding vertices. 
But this restriction is not necessary. 

Bor take any point O in the polygon ABODE, 
and join it to each of the vertices. 

In the polygon FGHKL, make the Z.GFO' 
equal to the L BAO, 

and make the L FGO' equal to the A ABO. 

Join-O' to each vertex of the polygon FGHKL. 

We leave as an exercise to the student the 
proof that the two polygons are thuB divided 
into the same number of similar triangles. 



jf] Problem 39. [First Method.] 

On a side of given length to draw a figure similar to a given 
rectilineal figure. 



M 


Let ABODE he the given figure, and LM the length of the 
given side 3 and suppose that this side is to correspond to AB, 


Construction. From AB cut off AB' equal to LM. 

Join AC, AD. 

From B' draw B'C' par 1 to BC, to cut AC at C'. 

From C' draw C'D' par 1 to CD, to cut AD at D'. 

From D' draw D'E' par 1 to DE, to cut EA at E'. 

Then AB'C'D'E' is the required figure. 

■/ Outline of Proof." (i) By construction the figure AB'C'D'E’ 
is equiangular to the figure ABODE. 

(ii) From the three pairs of similar triangles it may he shewn 

that AB[ = £C' = C^ = D^ = E[A. 

AB BC CD DE EA ’ 

that is, corresponding sides of the polygons are proportional. 
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Theorem 68. 

Any two similar rectilineal figures may be so placed that the lines 
joining coi responding vertices are concurrent. 

A A 



Fig. i. Fig.2: 

Let ABCD, A'B'C'D' be similar figures. 

Then since the LB’ = the L B, the figures can be so placed 
that A'B', B'C' are respectively par 1 to AB, BC. It follows, since 
the figures are equiangular to one another, that C'D' is par 1 to 
CD, and D'A' par 1 to DA. 

It is required to prove that when corresponding sides of the given 
figures are parallel, then AA', BB', CC', DD' are concurrent. 

Join AA', and divide it externally at S in the ratio AB : A'B'. 

Join SB and SB' : it will be shewn that SB and SB' are in 
one straight line. 

Proof. In the A* SAB, SA'B', since AB and A'B' are par 1 , 

.-. the L SAB = the l SA'B' ; 
and, by construction, SA : SA' — AB : A'B' ; 

the a" SAB, SA'B' are equiangular to one another; Theor. 64> 
.■ . the L ASB = the l A'SB'. 

Hence SB, SB' are in the same st. line; 
that is, BB' passes through the fixed point S. 

Similarly CC' and DD' may be shewn to pass through S. 

That is, AA', BB', CC', DD' are concurrent. Q.E.D. 

Note. Observe that tbe joining lines AA', BB', CC', DD' are all 
divided externally at S in tbe ratio of any pair of corresponding sides 
of the given figures. 
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Note. In placing the given figures so that A'B', B'C* are respectively 
parallel to AB, BC, two cases arise : 

(i) A'B' and AB may have the same sense , as in Figs. 1 and 2 ; 

(ii) A'B' and AB opposite senses, as in the Fig. below. 


A 



C D 


In the latter case it follows also that C'D' is par 1 to CD, and D A' 
par 1 to DA, and it may be proved as before that AA', BB', CC' t DD' are 
concurrent ; but here S divides AA' internally in the ratio of corre- 
sponding sides, and the position of the figures is transverse. 

In each case the point S is called a centre of similarity, or homothetic 
centre ; and similar figures so placed are said to be homothetic. 


Problem: 39. [Second Method.] 

On a given side to draw a figure similar to a given figure. 



Let ABCD be the given figure, and A'B' the given, side : 
and let A'B' correspond to AB, 


Construction. Place A'B' par 1 to AB; and join AA' BB' by 
lines meeting at S. ’ J 

■ Join SC, SD. 

Through B' draw B'C' par 1 to BC, to meet SC at C'* 
through C' draw C'D'jjar 1 to CD, to meet SD at D'. 

Join A'D'. 

Then ABCD is the required figure. 


student should prove (i) that A'B'C'D' is equiangular to 
ABCD, (n) that corresponding sides of these figures are pro- 
portional. The proof is the converse of Theorem 68. 
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EXERCISES ON SIMILAR FIGURES. 

(Numerical and Graphical.) 

1. On abase AB, 6 - 5 cm. in length, draw a quadrilateral ABCD 
from the following data : 

Z.A=8l)°, LB =70°, AD=4‘4cm., BC=3'2cm. 

Taking any convenient point as centre of similarity, make 

(i) A reduced copy of ABCD, such that the ratio of each side to the 
corresponding side of ABCD is 3 : 4. 

(ii) An enlarged copy of ABCD, such that the ratio of each side to 
the corresponding side of ABCD is 5 : 4. 

2. Draw a semi-circle on a given diameter AB, and inscribe a square 
in it, so that two vertices nmy be on the arc, and the other two on AB. 

If AB=2r, and the side of the inscribed square = a, shew that 

5a 2 =4r a . 

3. Draw a sector of a circle of radius 2*4", the central angle being 
50' ; and inscribe a square in it. 

If the radius of the sector =r, and the sido of the square = a, calculate 
from measurements the ratio a s r. 

4. In a sector of which the radius =5 cm., and the central angle =45° 
inscribe a rectangle having its adjacent Bides m the ratio 2:1. 

Provo that two such rectangles can bo drawn, and compare by 
measurement their greater sides. 

5. Draw a triangle ABC, making a =8 cm., 6=7 cm., and c=6 cm. 

Working from the vertex A as centre of similarity, inscribe a square 

in the triangle, so that two of its angular points may bo in the base BC, 
and the other two in AB, AC. 

6. Draw a triangle ABC, making o=2 , 6", B=110°, C=35°. 

In the triangle.ABC inscribe an equilateral triangle, having 

(i) one Bide parallel to BC ; 

(ii) ono side parallel to any given straight line. 


7. In a given triangle ABC inscribe a triangle similar to a given 
triangle DEF. 

In how many ways may this be done? 

' 8. Draw a regular hexagon ABCDEF on a side of I -2 ", and in it 
inscribe a square having two sides parallel to AB and DE. and its 
vertices on the remaining sides of the hexagon. 
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PROPORTIONAL ARCS, AND ANGLES. 

> * w 
i 

Theorem 69. [Euclid VI. 33.] 

In equal circles , angles , whether at the centres or circumferences 
have the same ratio as the arcs on which they stand. 




Let ABE, CDF be equal circles ; and let tbe a* AGB, CHD at 
the centres, and the it AEB, CFD at the 0“*, stand on the arcs 
AB, CD. 

It is required to prove that 

(i) the l AGB -.the aCHD = the arc AB : the arc CD ; 

(ii) the l AEB : the A CFD = the arc AB : the arc CD. 


Proof. Suppose the arc AB : the arc CD=m :n; 
so that, if the are AB is divided into m equal parts, then the 
arc CD may be divided into n such equal parts. 

In each circle let radii be drawn to the points of division of 
the arcs AB, CD. 

Then the it AGB, CHD, in equal circles, are divided into 
angles which stand on equal arcs, and are therefore all equal. 

And of these equal angles the A AGB contains m, 

and the A CHD contains n ; 

.'. the AAGB:the aCHD = to:w. 

Hence the a AGB : the a CH D = the arc AB : the arc CD. 

And since the a AEB = one half of the A AGB; Theor. 38. 
and the A CFD = one half of the A CHD; 

.*. the a AEB : the A CFD = the arc AB : the arc CD. 

Q.E.D. 


Corollary Since in equal circles, sectors which have equal 
angles are equal [ Theor. 42, Cor.], it may be proved as above 
that the sector AGB : the sector CHD the arc AB : the arc CD. 
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PROPORTION APPLIED TO AREAS. 


■/ Theorem 70. [Euclid VI. 1.] 


The areas of triangles of equal altitude are to one another as their 
bases. 



f / Let ABC, DEF be two triangles of equal altitude, standing 
oiTthe bases BC, EF. 


It is required to prove that 

the A ABC : the a DEF = BC : EF. 


Proof. Let the t riangles be placed so that .the bases BC, 
EF-are in tlie same stTlihe, and the triangles^ on the same side 
of the line. ' ‘ ' “ ■ ‘ 

F'- ~ Join AD ; then AD is par 1 to BFj) Dcf. 2. p. 99. 

Suppose the base BC : the base EF=m :n; 
so that, if BC is divided into m equal parts, then EF may bo 
divided into n such equal parts. 

In each triangle let st. lines be drawn from the vertex to 
the points of division in the bases BC, EF. 

Then the a* ABC, DEF aro divided into triangles which 
stand on equal bases, and have the same altitude, and are 
therefore all equal. 

And of these equal A‘, the A ABC contains m ; 

and the A DEF contains n. 
the a ABC : the A DEF — m:n. 

Hence ‘ the a ABC : the A DEF = BC : EF. 

Q»T5.T)» 
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Corollary. The areas of ‘parallelograms of egml altitude are 
to one another as their hoses. 

For let DB, EG be par®’ of the same 
altitude, standing on the bases AB, EF. 

Join AG, HF. 

Then 

since the par™ DB = twice the A CAB; 
and the par® EG = twice the A HEF ; 

the par® DB : the par® EG = the A CAB : the A HEF 

= AB : EF. 



Alternative Proof of The o rem 70. 

(Cot jp represent the altitude of each of the A* ABC, DEF. 
Then the area of the a ABC = J . base x altitude — \ . BC xp ; 
and the area of the a DEF = = £ . EF xp. 

. A ABC %.BCxp BC \ 

' ' A DEF £.EFx«j“EF '} 

, in — WWWMWMWMt 


EXERCISES. 


( Numerical .) 

1. Two triangles of equal altitude stand on bases of 6-3" and 5'4" 
respectively ; if the area of the first triangle is 12J square inches, find 
the area of the second. 

2. The areas of two triangles of equal altitude have the ratio 
24 : 17 ; if the base of the first is 4‘2 cm., find the base of the second to 
the nearest millimetre. 


■w>on ^■' vo brituaglea lying between the same parallels have bases of 
lo - 20 metres and 20 '70 metres ; find to the nearest square centimetre 
the area of the second triangle, if that of the first is 50-1204 sq. metres. 

4. Two parallelograms whose areas are in the ratio 2-1 : 3-5 lie ‘ 
between the same parallels. If the base of the first is G-6" in length, 
find the base of the second. 6 ’ 


l’^ T - W0 ,^ a j gular . £ elds he on 0 PP 0 sifce sides of a common base; 
tbeir altitndes with respect to it are 4-20 chains and 3'71 chains. 
It the first field contains 18 acres, find the acreage of the whole quadri- 
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Theorem 71. 


If two triangles have one angle of the one equal to one angle of 
the other, their areas are proportional to the rectangles contained ly 
the sides about the equal angles. 



In the A* ABC, DEF, let the L n at B and E be equal 
It is required to prove that 

the A ABC : the A DEF= AB . BC : DE . EF. 

Let AG and DH be drawn perp. to BC, EF respectively, and 
denote the lengths of these perp* by p and p'. 


Proof. The AABC = £BC .p; and the A DEF— iEF .p' 

. A ABC BC . p 

*'adef~ef .p' U 

But since the l. B = the L E, and the L G = the l H, 
the a’ABG, DEH are equiangular to one another; Theor. 16 

(ii) Theor. 62 

p DE N ’ 

Substituting for in (i), 

A ABC BC.AB. 

ADEF'EF. DE’ 

or the A ABC : the A DEF = AB . BC ; DE . EF. 

Q.E.D. 


Corollary. Similarly it may be shewn that parallelograms 
having one angle of the one equal to one angle of the other are pro- 
portional to tlie rectangles contained by the sides about the equal 
angles. 
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EXERCISES ON AREAS. 

(On Theorem 70.) 

\'/ Assuming the area of a triangle — -J- base*, altitude, prove that 
triangles on equal bases are proportional to their altitudes. 

Also deduce this result geometrically from Theorem 70. 

2. XY is drawn parallel to BC, the base of the triangle ABC, cutting 
the sides AB, AC in a and Y. 

Join BY and CX, and prove, by Theorem 70, that 

(i) AX:XB=AY: YC. 

(ii) AB : AX =AC : AY. 

3. Shew that every quadrilateral is divided by its diagonals into 
four triangles whose areas are proportionals. 

4. If two triangles are on equal bases and between the same 

E arallels, any straight line parallel to their bases will cut off equal areas 
:om the two triangles. 


{On Theorem 71.) 

5. In two triangles ABC, DEF, the A B=tlie AE. If AB, BC an. 
2'7" and 3'5" respectively, and DE, EF are 2‘1" and l'S", shew that 

A ABC: A DEF =5: 2. 

6. The A“ ABC, DEF are equal in area, and the AB=the AE. 
If AB=5‘6 cm., BC=6’3cin., DE=7'2cm., find EF. 

7. In two parallelograms ABCD, EFGH, the AB=the AF, 
and the areas have the ratio 3:4. If AB=4 - 8 cm., BC=13'5 cm., 
EF = 10’8cm., find FG. 

If jp and p’ denote the perpendiculars drawn from A and E to BC. 
and FG respectively, shew that p:p'= 4:9. 

8. Prove the formula 

area of A =}? ab sin C ; 

and deduce Theorem 71. 

9. The A ABC = the A DEF in area : and AB : DE = EF : BC; shew 
that the A* B and E are equal or supplementary. 

10. The sides AB, AC of the triangle ABC are cut by any straight 

™ at Q respectively. By joining PC, and twice applying 

Theorem 70, shew that ' 1 J e 

AAPQ: AABC=AP.AQ: AB. AC. 

Hence obtain an alternative proof of Theorem 71. 

M.8.G, x 
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Theorem 72. [Euclid YL 19.]' 

The'areas of similar Mangles are proportional to the squares on 
corresponding sides. 



B G C E H' F 


Let ABC, DEF be similar triangles, in -which BC and EF are 
corresponding sides. 

It is required to prove that 

the A ABC : the A DEF = BC 2 : EF 2 . 

Let AG and DH be drawn perp. to BC, EF respectively ; and 
denote these perp" by p and p'. 



Proof. The a ABC = £BC . p ; and the A DEF=|EF .p\ 

■ . A ABC BC . p ... 

* * adef“efTp ? 

But since the lB — the l E, from the similar A’ ABC, DEF, 
and the L G =the L H, being right angles ; 
the a'ABG. DEH are equiangular to one another; Theor. l(jj. 


. p_ AB 
" p' DE 


Theor. 62. 


= from the similar A' ABC, DEF. 


Substituting for in (i), 

p 

A ABC BC . BC BC 2 . 

A DEF - EF . EF - EF 2 ’ 

or, the A ABC : the A DEF = BC 2 : EF 2 . 


Q.1S.U 
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. EXERCISES ON THE AREAS OF SIMILAR TRIANGLES// 

t • 

( Numerical and Graphical.) 

V 1 In any triangle ABC, the sides AB, AC are out by a line XY 
drawn parallel to BC. If AX is one-third of AB, what part is the 
triangle AXY of the triangle ABC ? 

>2. Two corresponding sides- of^ similar triangles are 3 ft. 6 in. and 
2 ft. Ain. respectively. If the area of the greater triangle is 45 sq. ft., 
find that of the smaller. 

,’“■3. The area of the triangle ABC is 25‘6 sq. cm., and XY, drawn > 
parallel to BC, cuts AB in the ratio 5 : 3. Find the area of the triangle# 
AXY. 

l/ 4. Two similar triangles have areas of 392 sq. cm. and 200 sq. cm. 
respectively ; find the ratio of any pair ,of corresponding sides. 

-5. ABC and XYZ are two similar triangles whose areas are re- 
spectively 32 sq. in. and 60’5 sq. in. If XY—7‘7", find the length oi 
the corresponding side AB. 

•‘6. Shew how to draw a straight line XY parallel to BC the base of 
a triangle ABC, so that the area of the triangle AXY may be nine- 
sixteenths of that of the triangle ABC. 


(Theoretical.) 

7. ABC is a triangle, right-angled at A, and AD is drawn per 
pendicular to BC, shew that 

' A BAD : A ACD = BA S : AC 2 . 

S. A trapezium ABCD has its sides AB, CD parallel, and its 
diagonals intersect at O. If AB is double of CD, find the ratio of the 
triangle AOB to the triangle COD. 

9. /xY is drawn parallel to BC the base of the triangle ABC, if/ 

A AXY ;fig. XBCY=4 : 5, 
shew that * AX : XB=2 : 1. 

10. Prove that the areas of similar triangles have the same ratio as 
the squares of 

' (i) corresponding altitudes ; 

(ii) . corresponding medians 

(iii) the radii of their in-circles ; 

(iv) the radii of their circum-circles. 
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Theorem 73. [Euclid VI. 20.] 

The areas of similar polygons arc proportional to the squares on 
corresponding sides. 




Let ABODE, FGHKL be similar polygons, and let AB, EG be 
corresponding sides. 

It is required to prove that 

the polygon ABODE : the polygon FGHKL— AB 2 : FG 2 

Join AC, AD, FH, FK. 

Proof. Then the a* ABC, FGH arc similar; Theor. 6 1 ). 
also the a* ACD, FHK are similar ; 
and the A’ ADE, FKL are similar. 

.'. the" A ABC : the A FGH = AC 2 : FH 2 Theor. 72. 

= the A ACD : the A FHK. 

Similarly, 

the A ACD: the A FHK = AD 2 : FK 2 

= the A ADE : the A FKL. 


Hence A ABC A ACD A ADE 

A FGH A FHK 4 FKL 

- ■ And in this series of equal ratios, the sum of the ante- 
cedents is to the sum of the consequents as, each antecedent 
is~to its consequent ; ' . - - ■■■Theor. V. p. 251, 

the fig. ABODE : the fig. FGHKL= the A ABC : the A FGH , 

AB 2 : FG 2 . 
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Corollary 1. Let a, b, c represent three lines in pro 
portion, so that 


and. consequently & 2 =ac.^ 



a be 


Now suppose similar figures P and Q, to be drawn on a and 
b as corresponding sides, 


then 


Fig. P _ a 2 _ __ a 

Fig. Q — b 2 ~ac~c' 


} Hence if three straight lines are proportionals , and any similar 
■figures are drawn, on the first and second as corresponding sides, then 

i the J i g, on the fir st : the f ig, on the second = the first ; the third . 


Corollary 2. Let 
AB : CD = EF : GH j 
and let similar figures KAB, LCD 
be similarly described on AB, CD, 
and also let similar figures MF, 
NH be similarly described on 
EF, GH. 



Then since 


AB _ EF . . AB 2 EF 2 

CD~GH ' CD 2 ~GH2‘ 


But the fig. KAB : the fig. LCD = AB 2 : CD 2 ; Theor. 73. 

and the fig. MF: the fig. NH = EF 2 :GH 2 . 

*’• the fig. KAB : the fig. LCD = the fig, MF : the fig. NH. 

_ Hence if four straight lines are proportional , and a pair oj 
similar rectilineal figures are similarly described on the first and 
second, and also a pair on the third and fourth, these figures are 
proportional. 
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EXERCISES ON THE AREAS OF SIMILAR FIGURES. 

(Numerical and Graphical.) 

1. Shew how to draw a straight lino XY paiallcl to the hase BC of 
a triangle ABC, so that the area of the trianglo AXY may be four-ninths 
of the triangle ABC. 

2. The sides of a trianglo arc 2‘0", 2*5", 3 ’2" ; find the sides of a 
similar trianglo of three times the area. 

[The results are to be given to the nearest hundredth of an inch.] 

3. Two similar triangles have areas in the ratio 13’69 : 16'81, and 
an altitude of the greater is 10 ft. 3 in. Find the corresponding 
altitude of the other. 

4. ABC is a triangle whoso area is 16 sq. cm. ; and XY is drawn 
parallel to BC, dividing AB in the ratio 3 : 5 ; if BY is joined, find the 
area of tlio trianglo BXY. 

5. One-fifth of the area of the trianglo ABC is cut off by a line XY 
drawn parallel to BC. If BC = 10 cm., find XY to the nearest millimetre. 

6. The area of a regular poutngon on a side of 2'5" is approximately 
iOJ sq. in. ; find-the area of a similar figure on a side of 3 'O’. 

7. The length of a rectangular area is 10'8 metres, and the ratio of 
the length to the breadth is 12 : 5. Find the length and breadth of a 
similar rectangle containing one-ninth of the area. 

S. In the plan of a certain field, 1" represents 66 yards ; if the area 
of the plan is found to be 100 sq. in., find the area of the field in acres. 

Explain why in this example the shape of the field is immaterial. 

9. An estate is represented on a plan by a quadrilateral ABCD 
drawn to the scale of 25" to the mile. If AC =20", and the offsets from 
AC to B and D measure 24" and 26" respectively, find the acreage of the 
estate. 


10. A field of 1’89 hectares is represented on a plan by a triangle 
whose sides measure 13 cm., 14 cm., and 15 cm. On what scale is the 
plan drawn? 
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exercises on the areas of similar figures 

( Theoretical .) 

1. K ABC is a triangle, right-angled at A, and AD is drawn perpen- 
dicular to BC, shew that 

(i) BC 3 : BA 2 = BC : BD ; [Theor. 73, Cor. l.J 
(u) BC 3 : CA°=BC : CD. 

Hence deduce BC 3 = BA 2 + AC 3 . 

2. A triangle ABC is bisected by a straight line XY drawn parallel 
to the base BC. Determine the ratio AX : AB. 

Hence shew how to bisect a triangle by a straight line drawn parallel 
to the base. 

3. Two circles have external contact at A, and a common tangent, 
touching them at B and C, meets the line of centres at S. If AB, AC 
.are joined, shew that 

A SBA : A SAC=SB : SC. 

4. Two circles intersect at A and B, and at A tangents are drawn, 
ono to each circle, meeting the circumferences at C and D. If AB, CB 
and BD are joined, shew that ' 

A CBA : A ABD = CB : BD. 

5. DEF is the pedal triangle [see p. 207] of the triangle ABC ; prove 

that A ABC : A DBF = AB 3 : BD 3 . • 

Hence shew that 

fig. AFDC : A DBF = AD 3 : BD 2 . 

6. In a given triangle ABC a second triangle is inscribed by joining 
tho middle points of the sides. In this inscribed triangle a third is 
inscribed in like manner, and so on. What fraction is the fourth 
triangle of the triangle ABC ? 

7. A regular hexagon is drawn on a side of a centimetres, and a 
second hexagon is inscribed in it by joining the middle points of tho 
sides in order. In like manner a third hexagon is inscribed in the 
second, and so on. Find the ratio of the first hexagon to the fifth. 

8. Shew that the areas of two similar cyclic figures are proportional to 
the squares of the diameters of their circum-cirdea. [Euclid Xu. 1.] 
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Theorem (74. [Euclid VI. 31.] 

In a right-angled triangle , any rectilineal figure described on Viz 
hypotenuse is equal to the sum of the two similar and similarly 
described figures on the sides containing the right angle. 



Let ABC be a right-angled triangle of which BC is the 
hypotenuse j and lot P, Q, R be similar and similarly described 
figures on BC, CA, AB respectively. 

It is required to prove that 

tho fig. R-f the fig. Q = the fig P. 


Proof. Sinco AB and BC are ■ corresponding sides of the 
similar figs. R and P, 

•••tr-sS » 


In liko manner, 


fig. Q_AC 2 
fig. P ~ BC 2 


<ii) 


Adding tho equal ratios on each side in (i) and (ii) 

,fig. R + fig. AB 3 + AC 2 
figTP ^ BC 2 ‘ 

But AB S + AC- = BC 2 ; Thcor. 29. 

the fig. R + tke fig. Q = tlie fig. P Q.E.D. 


Corollary. The area of a circle drawn on the hypotenuse oj 
a light-angled triangle as diameter is equal to the sum of the circles 
similarly drawn on the other sides. 

For tho areas of circles are proportional to the squares on 
their diameters. [Page 203.] 
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EXERCISES. 

(1/ tseeBaneows . ) 

S\. In a triangle ABC, right-angled at A, AD is drawn perpendicular 
to the hypotenuse. Shew that 

(i) BA== BC . BD ; (ii) CA 2 = CB . CD. 

Hence deduce Theorem 29, namely, 

BC 2 =BA 2 -5-AC a . 


2. In the diagram of Theorem 74, draw AD perpendicular to BC ; 
hence prove that, if the fig. F = the A ABC, then 

(i) the fig. Q=tbe A ADC; (ii) the fig. R=the A ADB. 

3. In the diagram of Theorem 74, if AB : AC— 8 : 5, and if the 

fig- P=S*9 sq. cm., find the areas of the figs. Q and R. ^ r 

4. ' BY and CZ are medians of the triangle ABC, and YZ is joined. 
Find the ratio of the triangle BGC to the triangle YGZ. [See p. 97.] 

'/ 5. ABC is an isosceles triangle, the equal sides AB, AC each 
measuring 3-6’.- From a joint D in AB, a straight line DE is drawnj 
cutting AC produced at E. and malting the triangle ADE equal in area' 
to the triangle ABC. If AD=1'S", find AE. 1 

6 - AB is a diameter of a circle, and two chords AP, AQ are produced 
to meet the tangent at B in X and Y. i 

Shew that (i) the A* APQ, AYX are similar ; 

(ii) the four points P, Q, Y, X are concydic. 

J J: , the triangle ABC, the angle A is externally bisected bv a line 

which meets the base produced at D and the circum-circle at E : shew that ' 

AB . AC= AE . AD. 


S. When is a straight line said to be divided in extreme and mean 

TXUlOi 

‘ of so divided > find the approximate lengths 

of the segments, and check your work graphically. h 

isosceles triangle equal in area to a triangle ABC. 
and having its vertical angle equal to the angle A. S 

gh£ tri£gU$B(S ta * “ “° 5 ' d ' 51 ““S 18 fa «• to = 
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„ "Problem 40. 

To draw a figure similar to a given rectilineal figure, and equal 
to a given fraction of it in area. 


o 



Let ABODE be tlie given figure, to which a similar figure is 
to bn drawn, having ite area a given irantinn (say three, fourths) 
of that of the fig. ABODE. 


Construction. Make AF three-fourths of AB. > Prob. 7. 

• Prom AB cut off AB' the mean proportional between AF 
land AB. Prob. 38 Note . 

' On AB' draw the fig. AB'C'D'E' similar to the fig. ABODE. 

Prob. 39. 

Then the fig. AB'C'D'E' = £ of the fig. ABODE. 


Proof. By construction, AB' 2 = AF . AB. 

Now the figs. ABODE, AB’C'D’E' are similar, and AB, AB' are 
corresponding sides j 


. fig. AB’C’D’E’ AB’ 2 1 
’ * fig. ABODE AB 2 


AF. AB 
AB 2 


Theor. 71^ 


AF 3 
‘ = AB“i' 


SIMILAR FIGURES. 
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EXERCISES. 

.. I. Divide a triangle ABC into two parts of equal area by a line XY 
drawn parallel to the base BC and cutting the other sides at X and Y. 

Find (i) by calculation, (ii) by measurement, the ratio AX : AB. 


2. Divide a triangle ABC into three parts of equal area by lines PQ, 
XY drawn parallel to the base BC. If P and X lie on AB, prove that 

AP_AX_AB 
1 "\/2“\/3‘ 

Hence shew how a triangle may be divided into n equal parts by 
lines drawn parallel to one side. 


3. Draw a rectangle of length 8 cm., and breadth 5 cm. Then draw 
a similar rectangle of one-third the area. 

Measure its length to the nearest millimetre, and verify your result 
by calculation. 

Y 

4. Draw a quadrilateral ABCD from the following data : 

the AA=D(F ; AB=BC=8 cm. ; AD=DC=6cm. 

Draw a similar quadrilateral to contain an area of 36 sq. cm., and 
find to the nearest millimetre the length of the side corresponding to 
AB. 

i 

^5. Divide a circle of radius 3" into three equal parts by means of 
twoooncentric circles. 


6 - Draw a rectilineal figure, equal in area to a' given figure E, and ■ 
similar to a given figure S. [Euclid n. 25.] 


[First replace the given figures E and S by equivalent squares 
(see Problems 19 and 32). Let the sides of these squares be a and b 
respectively, and let s be one of fclie sides of S. 

* 

Find p, a fourth proportional, to 6, a, s, so that b ; a=s :p 

P *j figur similar to figure S,- so that p and e are 
-orres ponding sides. Then P is the figure required j 


for 


P_£_u^_E 

S “ss-fts-g- 

the fig. P=the fig. E.} 
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RECTANGLES IN CONNECTION WITH CIRCLES. 

Note. Wc hero give a simple proof of Theorems 57 and 58 brought 
under a single enunciation. [Seo Note p. 234.] 

Theorem 75. [Euclid III. 35 and 36.] 

If any two chords of a circle cut one another internally or 
externally, the rectangle contained. by the segments of one is equal 
to the rectangle contained by the segments of the other. 



In the 0 ABC, let the chords AB, CD cut one another at X, 
internally in Fig. 1, and oxtcrnally in Fig. 2. 

It is required to prove in both cases that 

the red. XA, XB = f/ie red. XC, XD. 

Join AD, BC 

Proof. In the A" AXD, CXB, 

the L AXp = the Z.CXB, being opp. vert. l‘ in Fig. 1, and the 
Bamo angle in Fig 2 ; 

and the L A =the L C, being U at the O”, standing on the 
same arc BD ; 

the remaining angles are equal; Theor. 16. 
hence the a‘ AXD, CXB are equiangular, 

XA_XD . 

*’• XC XB" 

.\ XA . XB = XC . XD : 

that is, the root. XA, XB = thc rect. XC, XD. 

Q.E.B, 
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•'Corollary. If from an external point a secant and a tangent 
are drawn to a circle, the rectangle contained by the whole secant and 
the part of it outside the circle is equal to the square on the tangent. 



Let XBA be a secant, and XT a tangent drawn to tbe 
0ABC from the point X. 

It is required to prove that XA . XB — XT 2 3 . 


Let XDC be a second secant; 

then XA . XB = XC . XD, Theor. 75. Fig. 2. 

and this is true for all positions of the line XDC. 



then XDC becomes the tangent XT, 
and XC . XD becomes XT . XT, or XT 2 , 
ultimately, XA.XB=XT 2 . 


EXERCISES FOR SQUARED PAPER. 

1. From the point (1-7, 0) as centre, a circle is drawn to touch OY 
at O, and cutting OX at A. If any line is drawn from A to cut OY at Q 
and the circle at P, shew that AP . AQ, is constant, and find its value 
when 1" is taken as the unit of length. 

2. A circle of radius 10 is drawn from centre C (5, 6). If TF is 
the chord of contact of tangents from P (29, 16), and if PC meets TT' in 
CJ find the value of 

(i) CQ . CP ; (ii) PQ . CP ; and. (iii) the length of TT'. 

3. From centres (-3, 0) (2 0) circles of radii 2-6 and 2*5 respectively 
are drawn. Find the coordinates of their common points, *and the 
length of their common chord. Also find the length of a fcmgent to 
each circle from the point (1*3, 3-4). Verify your results by measure- 
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* Theorem 76. 

If the vertical angle of a triangle is bisected by a straight line 
which cuts the base, the rectangle contained by the sides of the 
triangle is equal to the redangle contained by the segments of the 
base, together -with the square on the straight line which bisects 
the angle. 



Let ABC be a triangle, having the L BAC bisected by AD. 

It is required to prove that 

the red. AB, AC =* the red. BD, DC + the sg. on AD. 

Suppose a circle circumscribed about the a ABC ; aud let AD 
be produced to meet the 0“ at E. 

, Join EC. 

Proof. Then in the A* BAD, EAC, 

because the l BAD = the L EAC, 
and the z.ABD = the 4.AEC in the same segment; 
the remaining L BDA = the remaining l ECA ; 
that is, the A* BAD, EAC are equiangular to one another; 

AB AD _ 

AE AC’ Them. 62. 

Hence AB . AC = AE . AD 

= (AD + DE) AD 
= AD 2 + AD . DE. 

But AD . DE = BD . DC ; Theor. 75. 

v the rect. AB, AC = the rect. BD, DC + the sq. on AD. 

,, Q.E.D. 

EXERCISE. 

"If the vertical angle BAC is bisected externally by AD, shew that 
AB.AC=BD. DC- Ans 


THE DIAMETER OF THE CmCUM-CIRCLE. 
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Theorem 77. 

If from the vertical angle of a triangle a straight line is drawn 
perpendicular to the base, the rectangle contained by the sides of the 
triangle is equal to the rectangle contained by the perpendicular and 
the diameter of the circum-circle. 



In the A ABC, let AD be the perp. from A to the base BC*. 
end let AE be a diameter of the circum-eircle. 


It is repaired to prove that 

the red. AB, AC = the red. AE, AD. 

/.Join EC. 

Proof. Then in the a* BAD, EAC, 
the rt angle BDA=the rt. angle ECA, in the semicircle ECA, 
and the L ABD = the LhEC, in the same segment; 

the remaining L BAD = the remaining L EAC ; 
that is, the a' BAD, EAC are equiangular to one another. 


Hence 

or 


. . AB AD. 

AE~AC' 

AB. AC = AE. AD; 
the rect. AB, AC = the rect. AE, AD. 


Theor. 62 . 


Q*E<D« 


'V NOTE. Let a, h, c denote the sides of the A ABC, R its circnxn 1 - 
radras, and p the perp. AD. > 

Then since ‘ AE . AD = AB . AC 

2R .pszcb' ' 
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Theorem 78, [Ptolemy’s Theorem.] 

The rectangle contained by the diagonals of a quadrilateral in- 
scribed in a circle is equal to the sum of the two rectangles contained 
by its opposite sides. 



Let ABCD he a quadrilateral inscribed in a circle, and let- 
AC, BD be its diagonals. 

It is required to prove that ' 

the rect AC, BD = the red. AB, CD + the rect. BC, DA. 

! Make the L DAE equal to the L BAC ; 
to each add the L EAC, 
then the L DAC — the L EAB. 


Proof. Then in the A* EAB, DAC, 

the L EAB = the L DAC, 

and the l ABE = the Z.ACD in the same segment; 

/. the A" EAB, DAC are equiangular to one another; Theor. 16. 


* ’ CA CD * 


Theor. 62 


hence AB . CD = AC . BE (i) 

Again in the A* DAE, CAB, 
the L DAE = the L CAB, 

and the AADE=the lACB, in the same segment; 
the a* DAE, CAB are equiangular to one another; 

CA CB * 


Bence BC . DA = AC . DE (fil 

Adding the equal rectangles on each side in (i) and (ii) 

AB . CD + BC . DA = AC . BE + AC . DE 
=AC (BE + DE) 

“ AC . BD. 


Q.E.D. 


EXERCISES ON THEOREMS 76 - 78 . 
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EXERCISES. 

''ill ABC is an isosceles triangle, and on the base, or base produced, 
any point X is taken: shew that the circumscribed circles of the 
triangles ABX, ACX are equal. 

2. From the extremities B, C of the base of an isosceles triangle 
ABC, straight lines are drawn perpendicular to AB, AC respectively, 
and intersecting at D : shew that 

BC.AD=2AB. DB. 


3. If the diagonals of a quadrilateral inscribed in a circle are at 
right angles, the sum of the rectangles contained by the opposite sides 
is double the area of the figure. 

4. ABCD is a quadrilateral inscribed in a circle, and the diagonal 
J3D bisects AC : shew that 

,J ;» AD . AB= DC . CB. 

5. If the vertex A of a triangle ABC is joined to any point in the 
base, it will divide the triangle into two triangles such that their 
circumscribed circles have radii in the ratio of AB to AC. 


6. Construct a triangle, having given the base, the vertical angle, 
and the rectangle contained by the sides. ° 


7. Two triangles of equal area are inscribed in the same circle ; shew 
that the rectangle contained by any two sides of the one is to the rect- 
angle contained by any two sides of the other as the base of the second 
is to the <base of the first. 

// 

\N*P is a point on the arc BC of the cireum-circle of an equilateral 
triangle ABC. If P is joined to A, B, and C, shew that 

PB + PC=PA. 


9 - ABCD is a quadrilateral inscribed in a circle, and BD bisects the 
angle ABC : if the points A and C are fixed on the circumference of the 
circle, and B is variable in position, shew that 

. AB+BC : BD is a constant ratio. 

vV/ 

10. ''From the formula R (see Note, p. 303) find the value of R' 
when the sides of the triangle are as follows ; 

(i) 21", 20", 13" ; (ii) 30 ft., 25 ft., 11 ft. 

Draw the triangles to a convenient scale and check your work bv 
measurement. J 


H.S.G 


u 
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MISCELLANEOUS THEORETICAL EXAMPLES 
ON PARTS I.-V. 

1. Two circles wliose centres are C and D intersect^ at A and B; 
and a straight line PAQ is drawn through A and terminated by the 
circumferences : prove that 

(i) the APBQ=the ACAD ; 

(ii) the L BPC=the ABQD. 

2. AB is a given diameter of a circle, and CD is any chord parallel 
to AB ; if any point X in AB is joined to the extremities of CD, shew 
that 

XC"-+XD 2 =XA=+XB 2 . 

3. The opposite sides of a cyclic quadrilateral are produced to 
meet: shew that the bisectors or the two angles so formed are per- 
pendicular to one another. 

4. Given the vertical angle, one of the sides containing it, and the ' 
length of the perpendicular from the vertex on. the base : construct thq 
triangle. 

’* 5. A, B, C are three points in order in a straight line : find a point 

•P in the straight lino so that PB may be a mean proportional between 
PJ) and PC. 

/ s 6. Through D, any point in the base of a triangle ABC, straight 
•lines DE, DF are drawn parallel to the sides AB, AC, and meeting the 
sides at E, F : shew that the triangle AEF is a mean proportional 
between the triangles FBD, EDC. 


7. PQ is a fixed chord in a circle, and PX, QY any two parallel 
chords through P and Q; show that XY touches a fixed concentric 
circle. 


8. Two circles touch each other at C, and straight lines are drawn 
through C at right angles to one another, meeting the circles at P, P’ 
and Q, Q' respectively : if the straight line which joins the centres iB 
terminated by the circumferences at A and A' shew that 

P'P® + Q'Q 2 = A'A®. 

C_ __ 

9. AE bisects the vertical angle of the triangle ABC and meets the 
base in E. If d, d' are the diameters of the circum-circles of tbo 
triangles ABE, ACE, shew that 

(fid's BE: EC. 
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- 10. AB, AO are chords of a circle ; a line parallel to the tangent at 
A cuts AB, AO in D and E respectively : shew that 

AB. AD=AC. AE. 

11. If a straight line is divided at two given points, determine a 
third point such that its distances from the extremities may be propor- 
tional to its distances from the given points. 

12, Given the feet of the perpendiculars drawn from the vertices on 
the opposite sides : construct the triangle. 


_ 13. If a quadrilateral can have one circle inscribed in it, and another 
circumscribed about it, shew that the straight lines joining the opposite 
points of contact of the inscribed circle are perpendicular to one another. 

14. Two equal circles move between two straight lines placed at 
right angles, so that each line is touched by one circle, and the two 
circles touch one another : find the locus of the point of contact. 


15. AB is a diameter of a given circle ; and AC, BD, two chords on 
the same side of AB intersect at E ; shew that the circle which passes 
through D, E, C cuts the given circle orthogonally. [See Def. p. 330.] 

16. If four circles are described to touch every three sides of a 
quadrilateral, shew that their centres are concyclic. 



AB is a straight line divided at C and D so that 
AB: AC=AC: AD ; 


from A a line AE.is drawn in any direction and equal to AC ; shew that 
BC and CD subtend equal angles at E. 

4 j 8 * Given the vertical angle, the ratio of the sides containing it, 
and the diameter of the circumscribing circle, construct the triangle. 


. 0 “ point, and OP is any line drawn to meet a fixed 

straight line in P ; if on OP a point Q is taken so that OQ, to OP is a 
constant ratio, find the locus of Q. 

20. O is a fixed point, and OP is anv line drawn to meet the 

OO n to OP fr e a°conS-n e t ? ’J * , on 0f \ a P o5nti Q » taken so that 

ui <4 to Ur is a constant ratio, find the locns of Q. 

<T al ciroles intersect at A and B ; and from C. anv noint 
“ J} e circumference of one of them, a perpendicular is drawnto AB 
meeting the other circle at O and O' ; shew that eif-bpr O nr rv fui 
orthocrtr, of ,he trtagU ABO, aSSStfi' 
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22. Throe equal circles pass through the same point A, and their 
other points of intersection are B, C, D : shew that of the four points 
A, B, C, D, each is the orthocentre of the triangle formed by joining 
the other three. 

23. From a given point without a circle draw a straight line to the 
concave circumference so as to be bisected by the convex circumference. 
When is this problem impossible ? 

) 24. Given the base, the altitude, and the radius of the circnm- 
circle : construct the triangle. 


25. Given the base of a triangle and the sum of the remaining sides : 
find the locus of the foot of the perpendicular from one extremity of 
the base on the bisector of the exterior vertical angle.' 

26. Construct a triangle having given either the three ex-centres, or 
the in-centre and two ex-centres. 

27. If O is the orthocentre of a triangle ABC, shew that 

AO 2 + BC 2 = BO 2 + CA 2 = CO 2 + AB 2 = d 2 , 
where d is the diameter of the cireum-circle. 

28. If C is the middle point of an arc of a circle whose chord is AB, 
.and D is any point in the conjugate arc ; shew that 

, AD + DB: DC=AB: AC. 

\J D is a point in the sido AC of the triangle ABC, and E is a point 
'ill AB If BD, CE divide each other into parts in the ratio 4 : 1, then 
D, E divide CA, BA in the ratio 3:1. 

^ 30. If the perpendiculars from two fixed points on a straight line 
passing between them are in a given ratio, the straight line must pass 
through a third fixed point. 


31. From the vertex A of any triangle ABC draw a line meeting BC 
produced in D so that AD may be a mean proportional between the 

segments of the base. 

» 

, t 

O J 32. Two circles touch internally at O ; AB a chord of the larger 
circle touches the smaller in C which is cut by the lines OA, OB in the 
points P, Q, : shew that OP : OQ,=AC : CB. 

. 33. AB is any chord of a circle ; AC, BC are drawn to any point C 
m the circumference and meet the diameter perpendicular to AB at 
D, E : if O is the centre, shew that the rect. OD, OE is equal to the 
square on the radius. 
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34. YD is a tangent to a circle drawn from a point Y in the diameter 
AB produced ; from D a perpendicular DX is drawn to the diameter ; 
shew that the points X, Y divide AB internally and externally in the 
same ratio. 

35. Determine a point in the circumference of a circle, from which 
lines drawn to two other given points shall have a given ratio. 

36. Given the base, and the position of the bisector of the vertical 
angle : construct the triangle. 


y 37. EA, EA' aie diameters of two circles touching each other 
externally at E; a chord AB of the former circle, when produced, 
touches the latter at C', while a chord A'B' of the latter touches the 
former at C : prove that 

AB . A'B'=4BC\ B'C. 

38. From a given external point draw a straight line to cut off a 
quadrant from a given circle. 

39. Shew that the straight lines joining the circum-centre of a 
triangle to its vertices are perpendicular to the corresponding sides of 
the pedal triangle. 

40. P is any point on the circum-circle of a triangle ABC ; and 
perpendiculars PD, PE are drawn to the sides BC, CA. Find the locus 
of the circum-centre of the triangle PDE. 

41. P is any point on the circum-circle of a triangle ABC : shew 
that the angle between Simeon’s Line for the point P and the side BC 
is equal to the angle between AP and that diameter of the circum-circle 
which passes through A. 

V 

42. Given the base, the vertical angle, and the difference of the 
angles at the base : construct the triangle. 


43. Shew that the circles circumscribed about the four triangles 
formed by two pairs of intersecting straight lines meet in a point. 

44. Shew that the orthocentres of the four triangles formed by two 
pairs of intersecting straight lines are collinear. 

. 45 :, ? f . a11 Polygons of a given number of sides, - which can be 
inscribed m a given circle, that which is regular has the maximum 
area' and the maximum perimeter. 
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46. On a straight line PAB, two points A and B are marked and the 
line PAB is made to revolve round the fixed extremity P. C is a fixed 
point in the plane in which PAB revolves ; prove that if CA and CBere 
joined, and the parallelogram CADB is completed, the locus of D will 
bo a circle. 

47. Describe an equilateral triangle equal to a given isosceles 
triangle. 

4S. Givon the vertical angle of a triangle in position and magnitude, 
and the sum of the sides containing it : find the locus of the circnm- 
centre. 


49. ABC is any triangle, and on its sides equilateral triangles arc 
described externally: if A, Y, Z arc the centres of their in-circles 
shew that the triangle XYZ is equilateral. 

50. In a given circle inscribe a triangle so that two sides may pass 
through two given points and the* third side be parallel to a given 
straight line. 

51. In a given circle inscribe a triangle so that the sides may pass 
through the three given points. 

52. A, B, X, Y are four points in a straight line, and O is such a 
point in it that the rectangle OA, OY is equal to the rectangle OB, OX; 
if a circle is described with centre O and radius equal to a mean propor- 
tional between OA and OY, shew that at over}' point on this circle AB 
and XY will subtend equal angles. 

63. Find the locus of a point which moves so that itB distances from 
two intersecting straight lines arc in a given ratio. 

54. If S, are the circum-centre, in-centre, and an ox-centre of - 
a triangle, and R, r, the radii of the corresponding circles, and 
if N is the centre of the nine-points circle, prove that 

(i) SP= R 2 -2Rr ; (H) Sl 1 ! *= R 2 +2Rrj ; 

(iii) Nl=JR-r; (iv) Nlj=JR+r,. ' 
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MISCEI^L ANEOU S THEOREMS AND EXAMPLES. 


I. SOME CONSTRUCTIONS OF CIRCLES. 


V/^Sxaxifle 1. Draw a circle to touch a given circle (C), and also tc 
Mich a given straight line PQ at a given point A. 


Construction. At A draw AF pcrp. 
to PQ: 

then the centre of the required © 
mnst lie in AF. 

. Take C the centre of the given O, 
and draw the diam. BD perp. to PQ. 

Join A to one extremity D, of the 
diameter, cutting thcj3* e 'at E. 

Join CE, and-broduce it to cut AF 
at F. 


D 



Then F is the centre, and FA the radius of the required circle. 


[Supply the proof ; and shew that a second solution is obtained by 
joining AB, and producing it to meet the O' 8 .] 


V/- Example 2. Draw a circle to pass through tioo given points A and B, 
and to touch a given straight line CD. 


Construction. Join BA, and produce 
it to meet CD at P. 

Find PX the mean proportional be- 
tween PA and PB. Prob. 38, Note. 

From PD (or PC) cut off PQ equal 
to PX. 


Then the circle dravm through A, B. 
at Q. 



xt ^ ie f? ro °* > an< l shew that there are in general two solutions. 

Modify the construction to meet the case when AB is parallel to CD.] 
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Construction. Through A 
and B draw any circle to cut 
the given circle at P and Q. 

Join AB, PQ, and produco 
them to meet at D, 

From D draw a tangent DE 
to the given circle. 



Then the circle drawn through A, B, E will touch the given circle at E. 


[Supply the proof from Theorems 58 and 59 ; and shew that there 
are in general two solutions. 

_ Modify the construction to meet the case when the straight line 
bisecting AB at right angles passes through C.] 


Example 4. Draw a circle to pass through a given point P, and to 
touch two given straight lines AB, AC, 


Construction. Draw AX bi- 
secting the A.BAC. Then all 
circles touching AB, AC have 
their centres in AX. 

From any point d in AX 
draw de perp. to AB; hence 
with d as centre, draw a circle 
touching AB and AC. 

Join AP, cutting the O [d) 
atp.p'. 

Join pd; and through P 
draw PD' par 1 to pd, cutting 
AX at D. 



Then D is the centre, and DP the 
AB and AC. 


radius of the required circle touching 


perp. to AB. The proof is obtained by showing that 

A* ADP *A % meailS ° £ the 8imilar A * ADE> Me> aod fche similar 

Shew that a second solution may be obtained by joining dp', and 
proceeding ns before. * ° J 

Modify the construction to meet the case when the given lines are 
parallel. J 


CONSTRUCTION OF CIRCLES. 
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EXERCISES FOR SQUARED PAPER. 

1. Given a circle of radius 10 having its centre at the origin, draw 
a circle to touch the given circle and also touch the x-axis at the point 
( 20 , 0 ). 

Shew that two equal circles can be so drawn. Calculate the radius 
of that in the first quadrant and the coordinates of its point of contact 
with the given circle. 

2. Given a circle of radius 10 having its centre at the origin, draw 
a circle to touch the given circle at the point (6, 8), and also to touch 
the y-aods. 

Shew that two such circles can he drawn. Find their radii and 
points of contact with the y-axis. 

3. Draw a quadrant of a circle of radius 2 ", and inscribe a circle in 
it. Shew that the radius of the inscribed circle is the positive root of 
the equation r a +4r-4=0. 

Obtain the radius by calculation and by measurement. 

4. Shew that two circles can bo drawn to touch both axes of 
coordinates and to pass through the point (2", 2*); and prove that their 
radii are given by the quadratic r°+4ri\/§-8=0. 

Draw the smaller of these circles and obtain its radins bv measure- 
ment. J 


m th f I“ oints .^' °) a »d (0. 3"); also join the points (3", 0) and 

the orig' D draW a C1FOle to toucl1 tho 3 °“ing lines and to pass through 

. 6 ; Within an equilateral triangle on a side of 3 - 0" draw three equal 
circles each to touch two sides of the triangle and the other two circles. 
If r is the radius of one of these circles, shew that 

r(tan60°+l)=l 

Jh 

Hence find r to the nearest hundredth of an inch. 

. Jv Within a circle of radius 2’0" draw three equal circles each to 
touch the other two and the given circle. 

If r is the radius of one of these equal circles shew that 

r(l+cosec 60°)=:2. 

Hence find r to the nearest hundredth of an inch. 
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II. MAXIMA AND MINIMA. 

When a line, angle, or figure varying under specified conditions, 
gradually changes its position and magnitude, we may be required to 
note if any situations exist in which, after increasing, it begins to 
decrease; or, after decreasing, to increase. In such situations the 
magnitude is said to have reached a maximum or minimum value. We 
propose here to deal with problems in which the variable magnitude 
admits of only one transition from an increasing to a decreasing state — 
and vice versa: so that for our present purpose the maximum is 
actually the greatest, and the minimum actually the least value that 
the variable magnitude can take. 

Two hints towards the solution of such problems may be given. 

(i) Since a variable geometrical magnitude reaches its maximum or 
minimum value at a turning point , towards which the magnitude may 
mount or descend from either side, it iB natural to expect a maximum 
or minimum value when the magnitude assumes a symmetrical form oi 
position ; and this is usually found to be the case. 


Example 1. Divide a straight line AB internally so that the rectangle 
contained by the two segments may be a maximum. 


Bisect AB at C, and on AB draw a semi-circle. 
Take any point X in AB; and draw XP perp. 
to AB to cut the O'* at P. 

Then AX.XB=PX 2 . Prob. 32. 

Now PX is greatest when it coincides with 
the radius CD ; 

.’. AX . XB is a maximum, when X is the 


D 



A C X B 


mid-point of AB. 


Observe that in this case the maximum is reached when PX occupies 
the symmetrical position in which it bisects AB at right angles. 


(ii) Again we can find when a geometrical magnitude assumes its 
maximum or minimum value, if we can discover a construction for 
drawing the magnitude so that it may have an assigned value : for we 
may then examine between what limits the assigned value must lie in 
order that the construction may bo possible ; and the higher or lower 
limit will give the maximum or minimum sought for. 
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It has been pointed oat that if under certain conditions existing 
among the data, two solutions of a problem are possible, and under 
other conditions, no solution exists, there will always be some inter- 
mediate condition under which the two solutions combine in a single 
solution. [See page 94] 

In these circumstances this single solution will be found to correspond 
to the maximum or minimum value of the magnitude to be constructed. 


Example 2. To find at what point in CD, a given straight line oj 
indefinite length , the angle subtended by a finite line AB is a maximum. 

First find at what point in CD a- given angle is subtended by AB. 

This is done os follows : 

On AB draw a segment of a circle containing an angle equal to the 
given angle. Problem 24. 

If the arc of this segment intersects CD, lx co points in CD are found 
at which AB subtends the given angle : but if the arc does not meet CD, 
no solution is given. 

In accordance with the principles explained above, we expect that 
the maximum angle is determined when the urc touches CD, that is, 
meets it at two coincident points. This we shall prove to be the case. 


Draw a circle through A and B to touch 
CD ; and let P be the point of contact. 

Ex. 2. p. 311. 

Then the A APB is greater than any other 
angle subtended by AB at a point in CD o?i the 
same side of AB as P. 


Proof. For take any other point Q in CD on the same side of AB as 
P ; and jom AQ, QB. 

Let BQ meet the circle at K. Join AK. 

Then the A AKB — the A APB, in the same segment. 

But the ext. AAKB is greater than the int. opp/ AAQB; 

the A APB is greater than the AAQB. 

Hence the A APB is a maximum. 
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Example 3. In CD, a straight line of indefinite length, find a point P 
stick that the sum of its distances from two points A, B on the same side oj 
CD is a minimum .. 


Draw AF perp. to CD ; and produce 
AF to E, making FE equal to AF. 

Join EB, cutting CD at P. Join AP. 
Then AP+ PB is a minimum . 


Proof. Take any other point Q in 
CD, and join AQ, BQ, EQ. 

Now the A® AFP, EFP are con- 
gruent, 

.-. AP=EP. 

Similarly AQ=EQ. 



And in the A EQ.B, EQ + QB is greater than EB ; 

hence AQ + QB is greater than EB, 

that is, greater than AP+ PB. 
Thus AP+ PB is a minimum. 


Note. It follows that the Z-APF=the A EPF Theor. 4. 

s=the LBPD. Theor. 3. 


Thus AP+ BP is a minimum, when AP, PB are equally inclined to CD. 


Example 4. Given two intersecting straight lines AB, AC, and a point 
P between them; shew that of all straight lines which pass through P and 
are terminated by AB, AC, that which is bisected at P cuts off the triangle 
of minimum area. 


Let EF be that st. line, terminated by 
AB, AC, which is bisected at P. 

Then the A FAE is of minimum area. 

Proof. For let HK be any other st. line 
passing through P. 

Through E draw EM par 1 to AC. 

Then the A® HPF, MPE are evidently 
congruent, Theor. 17. 

and are therefore equal in area. 

the A HPF is less than the A KPE. 
To each add the fig. AH PE ; 
then the A FAE is less than the A HAK, 
That is, the A FAE is a minimum. 
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EXERCISES ON MAXIMA AND MINIMA. 

1. Two sides of a triangle are given in length ; how must they be 
placed in order that the area of the triangle may be a maximum? 

Find the area of the greatest triangle in which a =6 '8 cm., and 
b=4‘5 cm. 


2. Of all triangles of given base and area, shew that that which is 
isosceles has the least perimeter. [See Ex. 3, p. 316.] 

Calculate the minimum perimeter of a triangle of which the base =2 , 0", 
. and the area=3*l2 sq. in. 

3. Construct a triangle of maximum area on a base of 10 cm., and 
having a vertical angle of 60°. Calculate its area. 

4. With the origin as centre draw a circle of radius 1*5", and draw 
AB joining the points (3", 0), (0, 3"). Find a point in AB such that the 
tangents drawn from it to the circle contain the maximum angle. 
Measure the angle, and account for the result. 

5. A straight rod slides between two straight rulers placed at right 
angles to one another ; in what position is the triangle intercepted 
between the rulers and rod a maximum ? 


6. Divide a given straight line into two parts, so that the sum of 
the squares on the segments 

(i) may be equal to a given square ; 

(ii) may be a minimum. 


7. Through a point of intersection of two circles draw a straight 
line terminated by the circumferences, a 

(i) so that it may be of given length ; 

(ii) so that it may be a maximum. 


^ Draw a c i role to touch the axes of x and y at two points A and B. 
each v: distant from the origin. 

Find a point on the major arc AB such that the sum of its coordinates 
is a maximum. 

„„ A i?° ^ nd . a P oi . n t on the minor arc AB such that the sum of its 
coordinates is a minimum. 

In each case calculate the sum, and test by measurement. 

Straight lines are drawn from two given points to meet one 

“m ifamMmm’SS <* * gi'S ciref, , prove that their 

t1 ” 5, ” ml " “ ! “ 1 -*■ »“■ **• onsent at 


vet “ “ ele -* 

J2SJS.S £? eTr h “ Ve " Terttaa “O-W. 
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11. Given two intersecting tangents to a circle, draw a tangent to 
the convex arc so that the triangle formed by it and the given tangents 
may he of maximum area. 

12. Find graphically (to the nearest degree) the greatest vertical 
angle which a triangle may have, when its base = 1 "6°, and its area 
= 1*2 sq. in. 

13. A and B are two points both within, or both without, a given 
circle. Find a point on the circnmforence at which AB subtends the 
greatest angle. [See Ex. 2, p. 315.] 

14. A and B are two points on the ar-axis distant 0‘8" and l'S* from 
the origin O. Find graphically, a point P on the y-axis, such that the 
angle APB is a maximum. 

Calculate the length of OP, and measure the maximum angle. 

15. A bridge consists of three arches, whose spans are 49 ft., 
32 ft. and 49 ft. respectively : how far from the bridge is the point on 
either bank of the river at which the middle arch subtends the greatest 
angle? 

16. From a given point P without a circle whose centre is C, draw 
a straight line to cut the circumference at A and B, so that the triangle 
ACB may be of maximum area. 

Find the area of the greatest triangle that can be so drawn, when 
the radius=6 cm., and shew that the area is independent of the 
position of P. 

17. Find the area of the greatest rectangle which can be inscribed 
in a circle of radius 5 ‘5 cm. 

18. A and B are two fixed points without a circle : find a point P 
on the circumference, such that AP 2 + PB 2 may be a minimum. 

[See Theor. 56.] 

19. A segment of a circle is described on the chord AB: find a 
point C on its arc so that the sum of AC, BC may be a maximum. 

20. Of all triangles that can be inscribed in a circle that which has 
the greatest perimeter is equilateral. 

21. Of all triangles that can be inscribed in a given circle that which 
has the greatest area i3 equilateral. 

22. Of all triangles that can be inscribed in a given triangle that 
which has the least perimeter is the pedal triangle. 

23. Of all rectangles of given area, the square has the least 
perimeter. 

24. Describe the triangle of maximum area, having its angles equal 
to those of a given triangle, and its sides passing through three given 
points. 
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HI. GRAPHS. APPLICATION TO MAXIMA AND MINIMA. 

Problems dealing with the maximum or minimum values of some 
variable magnitude may often be conveniently treated by exhibiting its 
gradual changes by means of a graph. For details of graphical wont 
the student may consult Hall’s Introduction i to Graphical Algebra. It 
will be sufficient here to explain the following general method of pro- 
cedure. The variable magnitude whose values we have to examine 
may be denoted by y, and the quantity, in terms of which it is 
expressed, by x. By plotting a series of corresponding values of x and 
y on the coordinate axes OX, OY, a series of points is determined. If 
a continuous curve is drawn through them, tue ordinate of each point 
denotes the value of the magnitude in question corresponding to a given 
value of the quantity x. 

The advantage of this method is that it exhibits a visual picture of 
continuous change, so that the graph enables us to read off the value of 
y corresponding to any given value of a: ; and in particular the positions 
of maximum and minimum values are seen at a glance. 
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In this figure the continuous curve ABCDEF represents the graph of 
a variable quantity Q. Asa; increases gradually, the ordinate y travels 
parallel to OY, and its valuo at any point gives the value of Q, for the 
corresponding value of a;. At P, the value of y is greater than that 
at B or C on either side, and here Q is a maximum. Similarly at P 2 the 
value of y is less than that at D or E, and here Q, is a minimum. 

It will now be evident that maximum and minimum values occur at 
the turning points i where the ordinates are algebraically greatest and 
least respectively in the immediate vicinity of such points. 

The following points should also be noticed : 

(i) In any continuous curve maximum and minimum values occur 

alternately. 

(ii) There will always be a maximum or a minimum value between 

any two equal values of the ordinate. 

(iii) The slope of the curve at any point indicates the rate of change 

at that point of the quantity under discussion, and at each 
point of maximum or minimum value the tangent to the 
curve is parallel to the axis of x. 
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Example 1. OACB is a parallelogram in which OA=8 cm. and 
OB =6 cm. If '.OB rotates about O, trace the changes in the value of OC 
as the angle AOB increases from 0° to 180°. Illustrate the changes by 
means of a graph. Bead off the value of OC for an angle of 72°, and find 
the value of the angle when OC=5"6 cm. 

By drawing a series of figures, increas- 
ing the angle AOB by increments of 30°, 
we shall find by measurement the corre- 
sponding values of OC and the L AOB to 
be as in the following table. 



Z.AOB 

0° 

30° 

60° 

90° 

120° 

150° 

O 

00 

r-t 

OC 

14-0 

13-5 

12-2 

m 

7-2 

IB 



Denoting the angle by x, let its successive values be plotted on the 
x-axis, and let the corresponding values of OC be taken os ordinates. 
If each division on OX is taken to represent 6°, and each division on OY 
to represent 1 cm. we obtain the adjoining graph. 
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From this we see that when a: =72°, y=ll-5 cm., and when y=5‘6 cm. 
36=135 . 

The student should plot the graph for himself on a much larger scale 
than is possible on this page. He should also continue the values of OC 
for a few angles greater than 180°. He will then find that a minimum 
point has been reached when the angle AOB is 180°. Also it should be 
evident that at 300 the value of OC is again equal to 14, which is its 
maximum value. 
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Example 2. ABC is a triangle in which BC, BA have constant lengths 
6 cm. and 5 cm. If BC is fixed, and BA revolves about B, trace the 
changes in the area of the triangle as the angle B increases from 0° to 180°. 
Illustrate these changes by a graph, and determine for what values of the 
angle B the area is 10 sq. cm. Also find for what value of B the area is 
a maximum. 

Proceeding as in Ex. 5, p. 110, the corre- 
sponding values of the area and the angle will 
he as in the following table : 


Angle 

0° 

30° 

60° 

90° 

120° 

150° 

180° 

Area in sq. cm. 

D 


13-0 

15-0 

13-0 

7-5 

01 


Plot the values of the angle on the a-axis, and let the successive 
values of the area he taken as corresponding ordinates. Then with the 
same units as in the last example we obtain the adjoining graph. 
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It is easily seen that the maximum value of the ordinate is 15, 
corresponding to an angle of 90°. 


Thus the area of the triangle is a maximum when the angle included 
by the given sides is a right angle. 


Also the curve is symmetrical with regard to its maximum ordinate, 
so that there are two values of the angle which furnish a given area, 
other than the maximum. .When the area is 10 sq. cm. the two values 
of the angle are 42 s and 13S°. 


Note. The area of A ABC= J 5 . G sin B = 15 sin B. Hence the graph 
may be plotted from a Table of sines. [See Graphical Algebra, p. 29.] 

H.8.G. y 
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EXERCISES ON GRATHS. 

1. PQ, is a perpendicular, 8 cm. in length, to a straight line XV, _ 
and PR is an oblique making an angle a with PQ,, By giving to a the 
values 15°, 30°, 45“ , 60°, 75 , find by measurement the corresponding 
values of PR, and tabulate the results. Illustrate the changes in PR by 
means of a graph, and find from it (i) the length of PR when a =63% 
(ii) the vnlne of a when PR=8'8 cm. 

2. In a triangle a=4 cm. 1=5 cm. Plot a graph to shew the 
changes in the area of the triangle for different values of 0- Find from 
the graph (i) the area of the triangle when 0=63°; (ii) the values of 
C when the area is 9*5 sq. cm. ; (iii) how the sides must be placed when 
the area is a maximum. 

3. A straight rod AB of length 5 cm. slides between two straight 
rulers CD, CE placed at right angles to each other. Draw a graph to 
shew the variations of the area of the triangle BCA for different values 
of the length CA. 

Point ont the position of AB when the area is a maximum. 

4. AB is a straight line 10 cm. in length divided internally at P. 
As P moves from. A to B illustrate graphically the variations of 

(i)AP.PB; (ii) AP 2 +PB 7 8 . 

In each case determine from the graph the position of P which gives 
a maximum or minimum value. 

6. In a triangle c=6 cm. and A =60“. Trace the changes of a 
graphically for different values of b. Find from the graph the minimum 
value of a. Draw the triangle for this value, and hence check your 
result. 


6. Through A, the extremity of the diameter AB of a semi-circle, a 
line AP is drawn to the circumference. Trace graphically the variations 
of the area of the triangle BAP for different values of the angle PAB. 
Find the value of this angle when the area is greatest. 

7. By means of Theorem 73, shew that the graph of the equation 
y=mx\ where m is constant, exhibits the changes in area of any series 
of similar rectilineal figures similarly placed on sides of varying length. 
Draw a graph to shew the changes in the area of a square as its side 
varies, and from the graph find approximately the side of a square 
whose area is 11 ‘8 sq. in. 

3. Draw the graphs of the curves represented by 
(i) y= 2x-~; (ij) j/=5-4x-x <i 

Find the maximum value of 5 - 4x - sr 2 . 



HARMONIC SECTION, 


323 


IV. HARMONIC SECTION. 


DEFINITIONS. 

1. Three quantities are said to be in Arithmetical Progression when 
the difference between the last pair is equal to that between the first 
pair. __ '• 

Thus a, b, c are in A.P. when 

c-b=b-a, 

and 6 is said to be an Arithmetic Mean between a and c. 


2. Three quantities are said to be in Geometrical Progression when 
the ratio of the third to the second is the same as that of the second to 
the first. 

Thus a, b, e are in G.P. when 

c b 
b~a 

snd b is said to be a Geometric Mean between a and c. 


3. Three quantities are said to bB in Harmonical Progression when 
the first bears to the third the same ratio as the difference between the 
first and second bears to the difference between the second and third. 

Thus a, b, c are in.H.P. when 

a ct - b 
c b-c 

and b is said to bo a Harmonic Mean between a and e, 


Note. Since, by definition, 

b-c__a-b b-c _a-b 
c a ’ be ah ' 


it follows that 


1 _ 1 _ 1 _ 1 , 
c b b a ' 


the reciprocals 


111 
a b ’ c 


are in A.P., a result which is often useful. 


4- If A, G,. H denote the arithmetic, geometric, and harmonic 
means respectively between two given quantities a and b, it easily 
follows from the above definitions that 7 



G=V55, 


a+6 
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Definition. A finite straight line is said to he cut har- 
monically when it is divided internally and externally into 
segments which have the same ratio. 

A P B Q 

Thus AB is divided harmonically at P and Q, if 
AP:PB=AQ:QB. 

P and Cj are said to be harmonic conjugates of A and B. 

Now by taking the above proportion alternately, 
we have PA:AQ=PB :BQ; 

from which it is seen that if P and Q divide AB internally and ex* 
ternally in the same ratio, then A and B divide PQ externally and 
internally in the same ratio ; hence A and B are harmonic conjugates 
of P nnd~Q. 

In other words : if AB is divided harmonically at P and Q , then PQ 
i> divided harmonically at A and B. 

Example 1. If AB ic divided internally at P and extcmnlh/ at Q n 
the same ratio, then AB is the harmonic mean bcltrun AQ and AP. 

/ — V 

* A P B Q’ 

For, by hypothesis, AQ : QB= AR : PB ; 

, alternately, AQ : AP =QB : PB, 

that is, AQ: AP=AQ-AB: AB-AP; 

.". AQ, AB, AP are in Harmonic Progression. 

Example 2. If AB is divided hai-monicafly at P and Q, and O is the 
middle point of AB ; 

then OP. OQ=OA 5 . 

A 6 P B Q 

For since AB is divided harmonically at P and Q. 

.-. AP: PB=AQ:QB: 

.-. AP - PB : AP- PB=AQ - QB : AQ-f QB, 
or, * * “ 20P:20A=20A:20Q; 

~ OP. OQ=OA 2 . 

Conversely, if O P . O Q = 0 A 2 , 

it may be shewn that 

AP: PB=AQ: QB; 

that is, that AB is divided harmonically at P and Q. 
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Example 3. The Arithmetic, Geometric and Harmonic means of two 
straight lines mag be thus represented graphically. 

Let AP, AQ be tbe given lines, whose 
Arithmetic, Geometric, and Harmonic 
Means are to be found. 

On PQ as diameter draw a circle ; 
and from A diaw the tangents AH, AK. 

Draw the chord of contact HK, cut- 
ting AQ at B. 

Join OH. 

Then (i) AO is the Arithmetic mean between AP and AQ : 
for clearly AO = ^ (AP + AQ). 

(ii) AH is the Geometric mean between AP and AQ : 

for AH 2 =AP. AQ. Theor. 58. 

(iii) AB is the Harmonic mean between AP and AQ : 

for, from the similar rt. -angled A" AOH, HOB, 

OA . OB=OH 2 Theor. 66, Cor. 

=OF. 

.*. PQ is cut harmonically at A and B ; Ex. 2. p. 324. 
.*. also AB is cut harmonically at P and Q. 

That is, AB is the Harmonic mean between AP and AQ. 

And from the similar rt. -angled triangles OAH, HAB, 

AO . AB = AH 2 j Theor. 66, Cor. 

. . the Geometric mean between two straight lines is the mean proportional 
between their Arithmetic and Harmonic means. 


/J Examtie 4. Given the base of a triangle and the ratio of the other 
sides, to find the locus of the vertex. 

Let BC be the given base, and let 
BAC be ahy triangle standing upon 
it, such that BA: AC = the given ratio. 

It is required to find the locus of A. 

Bisect the L BAC internally and 
externally by AP, AQ. 

Then BC is divided internally at P, and externally at Q, 
so that BP : PC= BQ : QC=the given ratio ; 

.'. P and Q are fixed points. 

And since AP, AQ bisect the ABAC internally and externally, 

.*. the L PAQ is a rt. angle ; 

•• locus of A is the circle described on PQ as diameter. 
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EXERCISES ON HARMONIC SECTION. 


1. If AB is divided harmonically at X and Y, shew that 

(1) ab~aX + a7 

.... 2 1,1 

(U) XY - BY + AY‘ 


2. X and Y are harmonic conjugates of A and B ; 

(i) if AB=2-4", and AX = 1-5", find AY; 

(ii) if XY=1'5 cm., and AY=2cm., find BY. 

3. 'Any straight line is cut harmonically by the arms of an angle 
and its internal and external bisectors. 

4. Given three points B, P, C in a straight line : find tne locus of 
points at which BP and PC subtend equal angles. 

6. If through the middle point of the base of a triangle any line 
is drawn intersecting one side of the triangle, the other prodnced, 
and the line drawn parallel to the base from the vertex, it is divided 
harmonically. 

6. If from either base angle of a triangle a line is drawn intersect- 
ing the median from the vertex, the opposite side, and the line drawn 
parallel to the base from the vertex, it is divided harmonically. 

7. P, Q are harmonic conjugates of A and B, and C is an external 
point ; if the angle PCQ, is a right angle, shew that CP, CQ are the 
internal and external bisectors of the angle ACB. 

8. AB is a given straight line, bisected at O, and divided harmoni- 
cally at X and Y. 

Trace the change of position of Y as X moves from O to B. 

Taking AB equal to 20 cm. draw a graph to illustrate the variations 
of OY as OX changes. 

9. Justify the following construction for finding the harmonic 
mean between two straight lines of given length. 

Let AB mnd CD be the given lines, and let them be placed so as to 
be parallel. Join their ends towards the same parts by AC and BD, 
and towards opposite parts by AD and BC, cutting at O. Then if 
POQ is drawn parallel to the given lines and terminated by AC and 
BD, PQ is the required harmonic mean. 
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DEFINITIONS. 

1. A series of points in a straight line is called a range. 
If the range consists of four points, of -which one pair are 
harmonic conjugates with respect to the other pair, it is said 
to he a harmonic range. 

2. A series of straight lines drawn through a point is 
called a pencil. 

The point of concurrence is called the vertex of the pencil, 
and each of the straight lines is called a ray. 

A pencil of four rays drawn from any point to a harmonic 
range is said to be a harmonic pencil 

3. A straight line drawn to cut a system of lines is called 

a transversal ) 

-w 

4. A system of four straight lines, no three of which are 
concurrent, is called a complete quadrilateral 

These straight lines will intersect two and two in stas 
points, called the vertices of the quadrilateral ; and each of 
the three straight lines which join the opposite vertices is 
called a diagonal 


THEOREMS ON HARMONIC SECTION. 


If tt transversal is drawn paraUd to one my oj a harmonic pencil, 
the other three rays intercept equal parts upon it ; and Conversely. 

2 . Any transversal is cut harmonically by the rays of a harmonic 


3 . In a harmonic pencil, if one ray bisect the angle between the other 
pair of rays, it is perpendicular to its conjugate my. Conversely, if one 
pair of rays form a right angle, then they bisect internally and externally 
the angle between the other pair. y 


i. If Pi, P, B Q, and a, p, b, q are harmonic mnges, one on each of 
two given straight lines, and if Aa, Pp, Bb, the slmight lines which join 

thmughS* ° f correspondtn 3 &"*>*• meet at s ? «« wiU Qq also pass 


If two straight lines intersect at A, and if A. P, B. Q and A 
p, b, q are two harmonic mnges one on each slmight line (the points 

Pl ’- «- 
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V. CENTRES OF SIMILITUDE. 

Example I. In two circles if any two parallel radii are drawn {one in 
each circle), the straight line joining their extremities cuts the line of centres 
in one or other of two fxed points. 



Take two circles whose centres arc C and C', and radii r and r> 
respectively ; and let CP, C'P' be any two par 1 radii drawn in the same 
tense m Fig. 1, and in opposite senses iu Fig. 2. Let PP' cat CC' at S. 

It is required to prove that {whatever be the direction of CP, CP') S is 
in one or other of two fixed positions. 

Proof. In both Figs, the A“ SCP, SC'P' are equiangular ; 

.*. SC : SC' = CP : C'P' 

8 C0 ' { £ S|: 2} » «» feed ratio , = /. 

.• in each Fig., S is a. fixed point for all directions of CP, C'P'. 
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Cobollabt. Let TT' be a common tangent to the two circles, 
direct in Kg. 1, and transverse in Fig. 2. 

Then in both cases the radii CT, CT' are par 1 ; 

TT' cuts the line of centres at S. 

Definition. In the figure given below the points S and S' 
which divide the line of centres of two circles externally and 
internally in the ratio of their radii are called Centres of 
Similitude, the former being the centre of direct and the 
latter of transverse similitude. 



the centres of the circles and the centres of similitude form an harmonic 
range. 

Hence the transverse and direct common tangents intersect on the line 
of centres at points which divide that line harmonically. 


JSAJSKUiSES. 

centres C and O', 5‘5 cm. apart, draw two circles of radii 
S J cm. and 1. 2 cm. respectively, and determine (i) graphically (ii) bv 
calculation the distances of their centres of similitude from C. ^ 

1# T tT T an L C a ? d P' respectively have radii 

from f* «? d J h £ ir centre oi similitude is 2’T distant 

cStS'otriSuSde “ W bet ™“ "° tr “ <*> 

K&J&S&f ftSSSWE&ff — — <°> - 

SQ . SP'=SP . SQ'=ST . ST'. 
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EXERCISES. 

{On Centres of Similitude. Continued.) 

4. In the triangle ABC, I is the in-centre, and !j the ex-centre 
opposite to A. If Alj cuts BC at Y, shew that A and Y are tlie^centres 
of similitude of the two circles. 

5. Shew that the orthocentre and centroid of a triangle are respec- 
tively the external and internal centres of similitude of the circumscribed 
and nine-points circle. 

6. If n variable circle touches two fixed circles, the line joining the 
points of contact passes through a centre of similitude. Distinguish 
between the different cases. 

7. Describe a circle which shall touch two given circles and pass 
through a given point. 

8. Describe a circle which shall touch three given circles. 

9. Cj, C 2 , C 3 are the centres of three given circles ; S'j, S,, arc the 
internal and external centres of similitude of the pair of circles whose 
centres are C 2 , C 3 , and S' 2 , S 2l S' a , S g , have similar meanings with regard 
to the other two pairs of circles : shew that 

(i) S'jC,, S'oC 3 , S' 3 C 3 are concurrent; 

(ii) the six points S lf Sj, S s , S' i, S'j, S' s , lie three and three on four 
straight lines. [See Theorems ix, and X., pp. 344, 345.] 


Orthogonal Circles. 

Definition. Circles which intersect at a point, so that the : 
two tangents at that point are at right angles to ono another, 
are said to he orthogonal, or to cut one another orthogonally. 

1. If two circles cut one another orthogonally, the tangent to each 
circle at a point of intersection will pass through the centre of the 
other circle. 

. 2. If two circles cut one another orthogonally, the square on the 
distance between their centres is equal to the sum of the squares on 
their radii. 

3. Find the locus of the centres of all circles which cut a given 

circle orthogonally at a given point. ° 

4. Describe a circle to pass through a given point and out a given 
circle orthogonally at a given point. 



POLE AND POLAE. 
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VI. POLE AND POLAR. 

DEFINITIONS. 

1. If in any straight line drawn from the centre of a circle 
two points are taken such that the rectangle contained "by 
their distances from the centre is equal to the square on the 
radius, each point is said to he the inverse of the other. 

Thus in the figure given below, if 0 is the centre of the circle, and if 
OP . OQ,= (radius)-, then each of the points P and Q, is the inverse 
of the other. 

It is clear that if one of these points is within the circle the other 
must be without it. 

2. The polar oi a given point with respect to a given circle 
is the straight line drawn through the inverse of the given 
point at right angles to the lino which joins the given point to 
the centre : and with reference to the polar the given point is 
called the pole. 



P fi F re ’ * 0P ' (radius) 2 , ana if through 

the p M *S d p H w\ re to 0p ; then HK is the polar oi 

me point K and P is the pole of the st. line HK with resneefc to the 
given circle ; also LM is the polar of the point Q, and Q, thepole of LM. 

tha * tfa e polar of an external point must intersect the circle 

fteS-rofaStol 1 « ,5l * raa? P 0 ^ fall without it: also that 
tie pw of a point on the arcumfenr.ee is the tangent at that point 
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Example 1. The polar of an external point with reference to a cirdt 
is the chord of contact of tangents drawn from the given point to the cirde. 


From the external point P let two tangents 
PH, PK he drawn to a circle o £ which O is the 
centre. 

Join HK. 

It is required to prove that HK is the polar 
of P. 

Now OP evidently outs the chord of contact 
HK at right angles at Q. 

Join OH. 

Then from the similar rt.-angled A" POH, 
HOQ, 

OP: OH=aOH : OQ ; 

OP. OQ= (radius) 5 ; 
hence HK is the polar of P. 

Q.E.D. 



Example 2. If A and P are any two points, and if the polar of A with 
respect to any cirde passes through P, then the polar of P must pass 
through A. 

Let BC he the polar of the point A with respect to a circle whose 
centre is O, and let BC pass through P. 

It is required to prove that the polar of 
P passes through A. 

Join OP ; and from A draw AQ peip. 
to OP. We shall shew that AQ is the 
polar of P. 

Now since BC is the polar of A, 
the Z.ABP is a rt. anglo ; 

Def. 2, page 831, 
and the L AQP is a rt. angle : Constr. 

•\ the four points A, B, P, Q are concyclic ; 

/. OQ. OP=OA. OB 

= (radius) 5 , for CB is the polar of A. 

And since AQ is perp. to OP, 

.*. AQ is the polar of P. 

That is, the polar of P passes through A. 

Q.E.D. 

.Note. A similar proof applies to the case when the given point 
ft is without the circle, and the polar BC cuts it. 

The above Theorem is known as the Reciprocal Properly of Pole and 



POLE Am) POLAR. 
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ExampIiE 3. The locus of the intersection of tangents drawn to a circle 
at the extremities of all chords which pass through a given point within 
the circle is the polar of that point. 

Let A be the given point within the 
circle. Let HK be any chord passing 
through A ; and let the tangents at H and 
K intersect at P. 

It is required to prove that the locus of P is 
the polar of the point A. 

(a) To shew that P lies on the polar 
of A. 

Since HK is the chord of contact of 
tangents drawn from P, 

.*. HK is the polar of P. Ex. 1, p 332. 

But HK, the polar of P, passes through A ; 

.'. the polar of A passes through P : Ex. 2, p. 332. 
that is, the point P lies on the polar of A. 

W) To shew that any point on the polar of A satisfies the given 
conditions. 

Let BC be the polar of A, and let P be any point on it. 

. Draw tangents PH, PK, and let HK be the chord of contact. 

How from Ex. 1, p. 332, we know that the chord of contact HK i B 
the polar of P, 

mid we also know that the polar of P must pass through A ; f or P is on 
BC, the polar of A; Ex. 2, p.332. 

that is, HK passes through A. 

.'. P is the point of intersection of tangents drawn at the extremities 
ot a chord passing through A. 

Erom (a) and (0) we see that the required locus is the polar of A. 

Note. If A is outside the circle the theorem (a) still holds good • 
but the converse theorem (0) is not (rue for all points in BC. For if A 
is without the circle, the polar BC will intersect it; and no point on 
that part of the polar which is within the circle can be a point of 
intersection of tangents. p 

We now see that 

respect to a circle is the 

\e locus of the inter sec- 
f all chords which pass 

at that poht F ° lar a P ° int ° n tte ckcumference * the tangent 


(i) The Polar of an external point with 
chord of contact of tangents drawn from it. 

(ii) The Polar of an internal 'point is tl 

Uons of tangents drawn at the extremities o; 
through it. J 
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Example 4. Any chord of a circle through a fixed point, P is divided 
harmonically by P and the polar of P. 




Let O be the centre of tho given circle, and let QR be a chord passing 
through the given point P. 

(i) When P is an external point (Fig. 1). 

Draw a tangent PT, and let the polar of P cut PO in L, and QR 
in S. 

It is required to prove that QR is divided harmonically at P and S 
Draw OM perp. to QR, and join OT. 

Then PQ. PR=PT= 

= PL. PO, since PTO is a rt. L, 

= PM . PS, since S, L, O, M are concyclic; 
A 2PQ. PR=2PM . PS 

={PQ+ PR) PS ; Ex. 9, p. 65, 

. no _2PQ . PR . 

” rss_ PQ+ PR ’ 

PQ, PS, PR are in Harmonical Progression ; 
that is, PS is divided harmonically at Q and R, 
also QR is divided harmonically at P and S. 

(ii) When P is an internal point (Fig. 2). 

Let SL be the polar of P. 

Then since the polar of P passes through S, the polar of S passes 
through P. 

by the former case QR is divided harmonically at S and P. 

The above theorem is known as the Harmonic Property of Pole and 
Polar. 


DEFINITION. 

A triangle so related to a circle that each side is the polar 
of the opposite vertex is said to be self-conjugate with respect 
to the circle. 


POLE AND POLAR. 
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EXERCISES ON POLE' AND POLAR. 

1. The straight line which joins any two points is the polar with 
respect to a given circle of the point of intersection of their polars. 

2. The point of intersection of any two straight lines is the pole of the 
straight line which joins their poles. 

3. Find the locus of the poles of all straight lines which pass through' 
a given point. 

4 Find the locus of the poles, with respect to a given circle, of tangents 
drawn to a concentric circle. 


5. If two circles cut one another orthogonally and PQ, he any diameter 
of one of them; shew that the polar of P with regard to the other circle 
passes through Q. 


6. If two circles cut one another orthogonally, the centre of each circle 
is the pole of their common chord with respect to the other circle. 

7. Any two points subtend at the centre of a circle an angle equal to 
one of the angles formed by the polars of the given points. 

8. O is the centre of a given circle, and AB a fixed straight line. 

P is any point in AB ; find the locus of the point inverse to P with 
respect to the circle. 

9. Given a circle, and a fixed point O on its circumference - P is any 
point on the circle : find the locus of the point inverse to P with respect to 
any circle whose centre is 0. 


10. Given two points A and B, and a circle whose centre is O ■ shew 
thaX the rectangle contained by OA and the perpendicular from B on the 
polar of A tseguai to therectangle contained by OB and the' perpendicular 


11. Four points A, B, C, D are taken in order on the circumference of 
a circle; DA, CB intersect at P, AC, BD at O and RA rn sJfrt . J 
that the triangle PQR is self-conjugate with respect to the circle. " ^ 

drawmf, a tatvjat to a ci.dc from art exlfij point!" f" 

ttfdr&fir °j 
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VC. THE RADICAL AXIS. 

Example 1. To find the locus of points from which the tangents drawn 
to two given circles are equal. 



Let A and B be the centres of the given circles, whose radii are a 
and h ; and let P be any point such that the tangent PQ, drawn to the 
circle (A) is equal to the tangent PR drawn to the circle (B). 

It is required to find the locus of P. 

Join PA, PB, AQ, BR, AB ; 
from P draw PS perp. to AB. 

Then because PQ= PR, .’. PQ 2 =PR 2 . 

But PQ 2 = PA 2 - AQ 2 ; and PR 2 = PB 2 - BR 2 : Theor. 29. 
.*. PA 2 - AQ 2 = PB 2 - BR 2 ; 

that is, PS 2 + AS 2 - a 2 = PS 2 + SB 2 - & 2 ; Theor. 29. 

or, AS 2 -o 2 =SB 2 -6 2 . 

Bence AB is divided at S, so that AS 2 - SB 2 =a 2 - h - : 

/. S is a fixed point. 

Hence all points from which equal tangents can be drawn to the two 
circles lie on the straight line which cuts AB at rt. angles, so that the 
difference of the squares on the segments of AB is equal to the difference 
of the squares on the radii. 

Again, by simply retracing these steps, it may be shewn that in 
Fig. 1 every point in SP, and in Fig. 2 every point in SP exterior to 
the circles, is such that tangents drawn from it to the two circles are 
equal. 

Hence we conclude that in Fig. 1 the whole line SP is the required 
locos, and in Fig. 2 that part of SP which is without the circles. 

In either case SP is said to be the Radical Axis of the two circles. 





RADICAL AXIS. RADICAL CENTRE. 
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Corollary. If the circles cut me another as in Fig. 2, it is dear 
that the Radical Axis is identical rvith the straight line which passe* 
through the points of intersection of the circles; for it follows readily 
from Theorem 58 that tangents drawn to two intersecting circles from 
any point in the common chord produced are equal. 


Example 2. The Radical Axes of three circles taken in pairs are 
concurrent. 



Let there be three circles whose centres arc A, B, C. 

Let OZ he the radical axis of the ©* (A) and (B) ; 

and OY the Radical Axis of the O’ (A) and (C), O being the point of 
their intersection. 

It is required to prove that the radical axis of the O’ (B) and (C) 
passes through O. 

. 7t will be found that the point O is either without or within all the 
circles. 


L When O is without the circles. 

From O draw OP, OQ, OR tangents to the O’ (A), (B), (C). 

Then because O is a point on the radical axis of (A) and (B) ; 

op=oa 

And because O is a point on the radical axis of (A) and (C), 

.-. OP=OR; 

OQ=OR; 

.'. O is a point on the radical axis of (B) and (C) ; 
that is, the radical axis of (B) and (C) passes through O. 

J f J h<5 circles ™ ters ® cfc “ sncl1 a W that O is within them all ; 

two h - eD the . Cor ?™ on chords of the three circles taken 

two and two , and it is required to prove that these common chords 
are concurrent. This may be shewn indirectly by Theorem 57. 


Definition. 
of three circles 


The point of intersection of the radical axes 
taken in pairs is called the radical centre. 
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Example 3. To draw the radical axis of two given circles. 



Let A and B be the centres of the given circles. 

It is required to draw their radical axis. 

(a) If tlie given circles intersect, then the st. line drawn through thoir 
points of intersection will be the radical axis. 

</3) But if the given circles do not intersect, 

describe any circle so as to cut them in* E, F and G, H. 

Join EF and HG, and produce them to meet in P. 

Join AB ; and from P draw PS perp. to AB. 

Then PS is the radical axis of the O* (A), (B). 

Proof. From the © EFGH, PE.PF = PH.PG. 

Now the sq. on the tangent from P to the O (A) = PE . PF ; 
and the sq. on the tangent from P to the © (B)=PH . PG. 

Hence the tangents from P to the ©» (A) and (B) are equal ; 

P is a point on the radical axis. 

And since PS is perp. to the line of centres, 

PS is the radical axis. Ex. 1. p 336. 

Definition. If each pair of circles in a given system have 
the same radical axis, the circles are said to be co-a xal. 


THE RADICAL AXIS. 
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EXERCISES ON THE RADICAL AXIS. 

1. Shew that the radical axis of two circles bisects any one of their 
common tangents. 

2. If tangents are drawn to two circles from any point on their 
radical axis; sheio that a circle described with this point as centre and 
any one of the tangents as radius , cuts both the given circles orthogonally. 
[See Def. p. 330.] 

3. O is the radical centre of three circles , and from O a tangent OT 
is drawn to any one of them : shew that a circle whose centre is O and 
radius OT cuts all the given circles orthogonally. 

4. If three circles touch one another , talxn two and two, shew that 
their common tangents at the points of contact are concurrent. 

5. If circles are described on the three sides of a triangle as diameter , 
their radical centre is the orthocentre of the triangle. 

6. AU circles which pass through a fixed point and cut a given circle 1 
orthogonally, pass through a second fixed point. 

7. Find the locus of the centres of all circles which pass through a' 
given point and cut a given circle orthogonally. 

8. Describe a circle- to pass through tieo given points and cut a given ' 
circle orthogonally. 

9. Find the locus of the centres of all circles which cut two given-* 
circles orthogonally. 

10. Describe a circle to pass through a given point and cut two niver^ 
circles orthogonally. 

11. The difference of the squares on the tangents drawn from any 

point to two circles is equal to twice the rectangle contained by the straight 
line joining their centres and the perpendicular from the given point on 
their radical axis. 1 


1-. In a system of co-axal circles which do not intersect, any point i* 
taken on the radical axis ; shew that a circle described from this point as 
centre, mth radius equal to the tangent draum from it to any one of the 
circles, will meet the line of centres in two fixed points, * J 

IThese fixed points are called the Limiting Points of the system .] 

13. _ In a system of co-axal circles the two limiting points and the 
ha^krange my °™ ° /rtC the li ™ oftenlres form a 

?oi ”‘ *« ti> 

cJy' b y I L i oLt de * ^ Ort - h ° 0Onal diam <*er * one is cut harmmi- 
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VIII. INVERSION. 


DEFINITIONS. 

1. If from any fixed point 0 a straight 
line OP is drawn, and a point. P‘ is taken on 
OP, or OP produced, such that OP . OP’ = /•-, 
where k is constant, then each of the 
points P and P' is said to he the inverse of 
the other with respect to the circle whose 
centre is O and radius k. 

2. The point O is called the origin of inversion, and k is 
called the radius of inversion. Also is sometimes referred 
to as the constant of inversion. 

3. If P traces out a locus, to every position of P there is a 
corresponding position of P’. The locus of P is called the 
inverse of the locus of P. 

From Definition 1 it is clear that any straight line passing 
through the origin is its own inverse. 



Examfi.e 1. To find the inverse of a straight line not passing through 
the origin of inversion. 


Let P be any point on the given st. line AB, O 
the origin, and l the ratlins of inversion. 

Draw OQ. peip. to the given line. Tahe P 
and Q' the inverses of P and Q. 

Join P'Q,'. 

Then OP . OP'—IP 

=OQ.OQ\ 

.*. the pts. P. P', Q, Q' are concyclic ; 

/. the jlOP‘Q'=thc Z.OQP 
—n rt. L. 



Hence the loons of P' is a circle which passes through O, sncli that 
the diameter OQ' is perp. to the given line. 



INVERSION. 
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Example 2. To find the inverse of a circle with respect to a point 
on its circumference. 

Let OQ he the diameter of the given 
oirele which passes through the origin 0. 

Take any point P on thi3 circle ; and with 
1c as radius of inversion, let 0/ and P 7 be the 
inverses of Q and P. 

Join PQ, P'Q'. 

Then OP.OF=F 

=OQ.OQ'. 
the pts. P, P', Q, Q' are concyclie ; 

.-. the/-OQ'P'=thellOPQ 
=a rt. L. 

.-. P'Q' is perp. to OQ'. 

Hence the locus of P' is a st. line perp. to the diameter through the 
origin. 

Example 3. To find the inverse of a circle with respect to a point 
not on the circumference. 



Let O be the origin and P any point on the given circle whose centre 
IB C. 

Let P' be the inverse of P, so that OP . 0P'=£ 2 . 

Let OP meet the given circle again in Q. Join QC. 

Draw OT a tangent to the circle, and let OT =t. 

Then OP . 0 P'=L a , and OP . OQ=t 2 . 

. OP. OP' it 2 
•* OP.OQ - ^’ 

.*. OP':OQ=fc 9 :« 2 . 

Draw P'C' par 1 to QC to meet OC produced in C'. 

Then OC' : 00=01=' : OQ 

=P:<=. 

.'. C' is a fixed point. 

Also C'P':CQ=OP':OQ 

=F:<®. 

C'P' is constant, and the locus of P' is a circle whose centre is C'. 

. CoBOLLAfir. The origin is a centre of similitude of the circle and its 
inverse. 
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Example 4.. Any line through the origin of inversion cuts two inverse 
loci at the same angle on opposite sides of the line. 



Let P and Q, bo two points on a Iooub, and let P, Q! be their inverses 
with respect to O. 

Then OP. OP '=1? 

=OQ.OQ'. 

the pts. P, P', Q, Q! are concyclic ; 

Z.OQP = tbo LOP'Q!. 

Now let Q, move np to P, so that the Bt. line QP ultimately becomes 
the tangent at P to the locus of P. Then at the same time the bt. bnc 
Q'P' becomes the tangent at P to the Iocub of P'. 

Hence in Fig. 2, if PR and P'R' arc the tangents at P and P', 

the LOPR=tbe LOP'R'. 

that is, OPP' cuts the loci of P and P' at the same angle on opposite 
sides of OPP'. 

Corollary. At any point of intersection two curves cut at the same 
angle as their inverses at the inverse point. A Iso if two curves touch at P 
their inverses touch at the inverse point P'. 


Examtle 6. To express the distance between two points in terms of 
the distance between their inverses and the distances of these points from, 
the origin. 


If P', Q' are the inverses of P, Q, [Fig. 1 of Example 4.] 
OP. OP'=I a =OQ . OQ'; 
and from the similar triangles OPQ, OQ'P, 
P'Q'_OP'_OP. OP’_ 

"PCi OQ OP. 0 ( 5 “ OP. OQ' 


.-. PQ'= 


IP. PQ 

op.o§; 
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EXERCISES ON INVERSION. 

1. If 0, P, Q, R are collinear points and P', Q', R' the inverses of 
P, Q, R with respect to O, prove that 

(i) if OP, OQ, OR are in Arithmetical Progression then OP', OQ', 

OR' are in Harmonical Progression. 

(ii) if OP, OQ, OR are in Geometrical Progression, then OP’, OQ', 

OR' are also in Geometrical Progression. 

2. Find the inverse of the circum-circle of an isosceles triangle with 
respect to the vertex of the triangle as origin. 

3. Shew that a circle can be inverted into itself with respect to any 
point O aS origin. 

[Take h equal to the length of the tangent from O.] 

4. Shew that a circle inverts into itself with respect to the centre 
of any orthogonal circle. 

5. AB is a chord of a circle bisected at O. Shew that, with O as 
origin, and OA as radius of inversion, the circle inverts into itself. 

6. Shew that any two circles can be inverted into themselves. 

[See Ex. 1. p. 336. Take the origin O on SP, and take h equal to 
the length of the tangent from 0.] 

7. Shew that any three circles can be inverted into themselves. 

[See Ex. 2. p. 337.] 

. 8* Shew that if a straight line cuts a circle, each may be inverted 
into the other by suitable selection of the origin and constant of ' 
inversion. 


9. Shew that any three circles may be inverted into three circles 
whose centres are collinear. 

circle ] ^ an ^ ta ^ e or ^S^ ri of inversion on the orthogonal 


. Shcw * he diameters of a circle may bo inverted into a 
series of co-axal circles orthogonal to the inverse of the given circle. 

0ta " °° * 

pq+qr=pr. 
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V'rx. oeva’s theorem. 

If three, concurrent straight lines are drawn from the angular points oj 
a triangle to meet the opposite sides, then the product of three alternate - 
segments taken in order is equal to the product of the other three segments. 




Let AD, BE, CF be drawn from the vertices of the A ABC to 
intersect at O, and cut the opposite sides at D, E, F. 

It is required to prove that 

BD , CE . AF = D.G.„EA .F B. 

Now the A" AOB, AOC have a common base AO ; and it may be 
shewn, by drawing perpendiculars from B and C to AD, that 

BD : DC = the alt. of A AOB : the alt. of A AOC ; 


similarly, 

and 


.. BD_AAOB. 
” DC" A AOC’ 

CE ABOC. 
EA — A BOA ’ 
AF A COA 
FB~ A COB' 


Multiplying these ratios, we have 

BD CE AF , 
DC' EA' FB -1; 


or, 


BD. CE. AF = DC. EA. FB. 


Note. The converse of this theorem, which may be proved in- 
directly, is very important ; it may be enunciated thus : 

If three straight lines drawn from the vertices of a triangle cut the 
opposite sides so that the product of three alternate segments taken in 
order is equal to the product of the other three, then the three straight 
lines ai c concurrent. 

That is, if BD . CE . AF = DC . EA . F B, 
then AD, BE, CF are concurrent. 



MENELA.US* THEOREM. 
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v/x. MENELAUS* THEOREM. 

If a transversal is drawn to cat the sides, or the sides produced, of a 
triangle, the product of three alternate segments taken in order ts equal to 
the product of the other three segments. 




Let ABC be a triangle, and let a transversal meet the &ides BC, CA, 
AB, or these sides produced, at D, E, P. 

It is required to prove that 

BD . CE . AF =DC . EA . FB. 

— ““ I I m i !■ « W i n n 

Draw AH par 1 to BC, meeting the transversal at H. 

Then from the similar A* DFB, HAF, 

AF_AH 

FB“B5’ 

and from the similar A* DCE, HAE, 

CE_CD 

EA“AFT 

.-. , by multiplication, ~~ . 

that is, BD , CE . AF _ . 

DC.EA.FB -1 ' 

°r. BD.CE. AF = DC. EA. FB. 


theo 5 em J he transversal must either meet two rides 
as hi Kg! h 2! d Slde pr0duced ’ aS 111 1 ; or all three sides produced, 

The converse of this theorem may be proved indirectly : 
produK^or^in'alPth^^^'riJ^rJ'^ 3 a and the third «* 
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DEFINITIONS. 

1. If two triangles are such that the three straight lines 
joining corresponding vertices are concurrent, they are said 
to be co-polar. 

2. If two triangles are such that the three points of inter- 
section of corresponding sides are collinear, they are said to 
be co-axial. 


EXERCISES. 

1. By means of Geva’s Theorem prove the following properties of a 
triangle. 

(i) The perpendiculars to the sides from their middle points are 

concurrent. 

(ii) The bisectors of the angles arc concurrent. 

(iii) The medians are concurrent 

2. D, E, F are the points of contact of the in-circle of a triangle 
with the sides BC, CA, AB respectively. If EF, FD, DE meet these 
aides respectively in P, Q, R, shew that P, Q, R arc collinear. 

3. With the same notation as in Example 2, Bliew that the points 
B, D, C, P form a harmonic range. 

4. If the tangents at A, B, C of the circum-circlo of the triangle 
ABC meet the opposite sides in D, E, F respectively, shew that 

BD : CD = BA 2 : AC*. 

Hence prove that D, E, F are collinear. 

5. The straight lines which join the vertices of a triangle to the points 
of contact of the inscribed circle (or any of the three escribed circles) are 
concurrent. 

6. The middle points of the diagonals of a complete quadrilateral are 
collinear. [See Def. 4, p. 327.1 

7. Shew that each diagonal of o complete quadrilateral is divided 
harmonically by the other tioo diagonals. 

8. Go-polar triangles are also co-axial ; and conversely co-axial tri- 
angles are also co-polar. 

9. The six centres of similitude of three circles lie three by three on 
four straight lines. 



ANSWERS TO NUMERICAL EXERCISES. 

Since the utmost care cannot ensure absolute accuracy tn giaphical icoik, results so 
obtained are liUly to be only approximate. The answers here ghen arc those found by 
calculation, and being 1 1 tie so far as they go, furnish ti standard by which the student 
may lest the correctness of his drawing and incasvi uncut. Results within one per cent, 
of those given in the Answers may usually be considci id satisfactory. 


Exercises. Page 145. 


1. 5 cm. 

5. 1ft. 

2. 

6. 

24". 3. 0-6", 0-8''. 4. ^7=2 6 cm. 

0 G sq. in. 7. 0'8". 



Exercises. Page 149. 

1. 1*7". 

4. 17''. 


2. 3\/2=4-2cm. 3. 2V3=3-5 cm. 

6. 5 cm. * 



Exercises. Page 151. 

6. 4 cm. 


7. 1-3". 

2. 1-85". 


Exercises. Page 153. 

3. 1-62". 5. 0-85" ; (2-1", 2*1") ; 2-97". 

6. SI® 


Exercises. Page 155. 


6. 1 -6" j 1-5", 0-6". 

4. (8,11). 


Exercises. Page 157. 

5. 17; 10; (0, -S). 
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GEOMETRY. 


Exercises. Page 161. 

1. 74°, 148°, 16®. 2. 115°, 230°. 3. 65°, 8°, 47®. 


Exercises. 

1. 8’Ocm. 2. 0*6". 8 . 8‘! 

Exercises. 

3. 3 cm. and 17 cm. 

Exercises. 

1. 72°, 108°, 108®. 

Exercises. 

2. 1-6". 3. 1-7". 

Exercises. 

2. 2-3 cm., 4-6 cm., 6'9 cm. 

4. 6-9 cm.; 20-78 sq. cm. 


Page 177. 

cm. 4, 12", 67®. 6. 2-6". 

Page 179. 

Page 181. 


Page 187. 

4. 1-98", 1-6". 

Page 198. 

3. 1-39". 

7. 3-2 cm. 


Exercises. Page 199. 

1. 2-12"; 4-60 sq. in. 4. 8 -6 cm. 6. 2'0". 


Exercises. Page 200. 

4. 128fVl-73". 


Exercises. Page 201. 

1. 3-46"; 4-00". 2. 259-8 sq. cm. 

4. (i) 41-57 sq. cm.; (ii) 77*25 sq. cm. 


Exercises. Page 205. 

1. (i) 28-3 cm.; (ii) 628-3 cm. 2. (i) 16-62 sq. in.; (ii)352-99 sq. in. 

3. 11-31 cm.; 10-18 sq. cm. 4. 56 sq. cm. 5. 43'98sq. in. 
7. 30-5 sq. cm. 8. 8-9". 9. 4"; 3". 10. 12-57 sq. in. 

11. Circumferences, 4-4", 6-3". Areas, 1-54 sq. in., 3-14 sq. in. 



answers. 
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Exercises. Page 225. 

8. 6-4 sq. cm. ' 4. 3*7". 6. 10 cm. 6. 1”. 

Exercises. Page 228. 

1. 630 sq. cm. 15 cm. 

Exercises. Page 231. 

2. 8'5 cm. 90°. 3. A circle of rad. 6 cm. 

4. 5-20". 6. 0-25". 

Exercises. Page 235. 

1. (i) 16 sq.cm, (ii) 16 sq.cm. 2. (i) 16 sq.cm, (ii) 16 sq.cm. 

3. 0-8". 4. (i) 1*2*. (ii>12-5cm. 5. (i) 1-6", 4*1". (ii) 3*5 cm. 

G. Two concentric circles, radii 2 cm. and 6 cm. 

Exercises. Page 237. 

2. 48 ft; 8 ft. 3. 2 cm.; 32 cm. 

5. 8100 miles; 10 miles. 

Exercises. Page 239. 

2. 2T2\ 3. 1-94". 4. 1-97". 

6. 6-6, 2-4. 7. 35-2, 4*8. 8. 3-5 cm. 

10. 9-6, 2-6. 

Exercises. Page 241. 

1. 2-47°. 2. -3-24". 


1. 26". 
4. 3-6". 


1. 4 cm. 

6. 6'G cm. 

9. 11-2,3-2. 


1 . 8 , 2 . 

4. 9, -4. 


Exercises. Page 245. 

a. 7, 7, • 3 

5. 11-32, -4-32. e. 


9-3, 2-7. 
7-24, 2-76. 


1 . 6 . 

4. (10, 124); 12£. 
7- 15. 8. 10. 


Exercises. Page 246. 

2 36, 45. 

5 - (17, 18); 12s/2=16-97. 

9. Pour. (26,15). 


16, 12. 
12-84. ' 
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Exercises. Page 253. 

1. (i) 35 ; (ii) 8 ; (iii) a. 

3. 4-0", 5'6". 4. 16*5 cm., 12*0 cm. 

6. 4‘0 cm., 2-4 cm. ; 16-0 cm., 9‘6 cm. 

Exercises. Page 258. 

1. (i) each =3 : 2 ; (ii) each =5 : 3 ; (iii) cach=5 : 2. 

2. (i) 1 -4" ; (ii) 0-8" ; (iii) G‘4 cm., 2-4 cm. 

3. (i) C‘0 cm. (ii) 7'7 cm , 2 8 cm. 

Exercises. Page 259. 

1. 0 9", 0-6"; 4-5", 3-0"; 3:2. 

2. 2 - 0 cm., 1*6 cm. ; 14*0 cm., 10‘5 cm. 

Exercises. Page 262. 

1. (i) 1*2" s (ii) 2 0"; (iii) 7 7 cm. 2. (i) 2*1" ; (ii) G\3 cm. 

3. QB=3-5", BR=2*6". 4. 3-2 cm., 4*2 cm. 

6. 2*1", 1*8" 6. 6 ft., 123 ft-. 9} ft- 

7. 1-2", 1-3", 1-95". 8. 5g cm. 

9. 0-8 cm., 1*4 cm., 2*1 cm. 

Exercises. Page 271. 

I. 17, XT’ ttj ~TE- 2. 37. sine=^-f, cosinc=-y», tangent=^g, 

4. xS, xsr> ~stj’ xff* 6- 37°. 

7. 35°, 26°, 45°. 8. A=58°, cosA=0*53. 

10. AC=7‘8, A=39°, sin A=0’G3, cosA=0-78. 11. 3-4, 35°. 

Exercises. Page 278. 

1. (i) 1-0"; (ii) 0*9"; (iii) G O cm 

2. 1 -4", 0-G" ; 3-5", 1 -5". 3. (i) 2-0 ; (ii) 2-8 ; (iii) 20. 

4. 1-6 cm., 2-4 cm., 3-2 cm. 5. 1-8", 1-2", 0 9". 6. 2 T 

7. (i) 1 -73 ; (ii) 3-16 ; (iii) 1 -67. 8. (i) 3 ; (ii) 3-21 ; (iii) 2-26. 

9. (i) 1-2", 1-6", 2-0"; (ii) 3'0 cm., 3-6 cm., 4-5 cm. 

(iii) 2-5 cm., 4-3 cm., 5-0 cm. (iv) 5=3-4", c=2-l", nearly. 

Exercises. Page 279. 

1. 140 m., 160 m. ; 125 m. 2. 12h yds. 

3. 42i miles 4. 30~ft., 4 ft. 

6. 24 ft., 2 ft. 4 in. 6, GO it. 7. 72 ft. 

8. 106 ft. 



ANSWERS. 


V' 


3. 0*52. 

1. 10*5 sq. in. 

4. 11 -(T. 


Exercises. Page 281 

5. 31 : 28, nearly. 

Exercises. Page 287. 

2. 3*0 cm. ' 3, 64 sq. cm. 

5. 33*9 acres. 


6. 4*9 cm. 


.Exercises, rage 




7. 8*0 cm. 


Exercises. Page 291. 

1. i- 2. 20 sq. ft. 3. 10 sq. cm. 4. 7:5. 5. 5-6". 

Exercises. Page 291 

2. 3*46’ 4*33", 5*54*. 3. 9 ft. 3 in. 4. 3*75 sq. cm. 

5 4*S cm. G. 15*48 sq. in. 7. 36 m: l*5m. 

8. 90 acres. 9. 512 acres. 10. 1 cm. represents 15 metres. 


2, l: V /2. 


Exercises. Page 295. 

6 * *T* 7. 256 : 81. 


Exercises. Page 297. 

3. 2 5sq cm., 6-4 sq. cm. 4. 4 : 1 . 


5. 7*2". 


1 I:\& 


8. 6*2 cm., 3*8 cm. 


Exercises. Page 299. 

3 * 4-6 cm - 4. 6*9 cm. 


Exercises. Page 301. 

*0. fi) 10# " 

l 16. (8 n Ezercises - p age 313. 

4 w.' ' 5 s. oar. 

0*93". 
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Exercises. Page 317. 


1. 15*3 sq.cm. 2. 8*55". 
4. 90°. 8. 6*83" ; 1*17". 

12. 56°. 14. 1*2" ; 22J*. 

16. 18 sq. cm. 


3. 43*30 sq. cm. 

10. 20*78 sq. cm., 20*8 cm. 
15. 63 ft. 

17. 60| sq. cm. 


Exercises. Page 322. 


a 

15“ 

30“ 

45“ 

60“ 

75“ 

PR 

8*3 

9*2 

11*3 

16*0 

30*9 


2. (i) 8*9 sq. cm. ; (ii) 72° or 108“ ; (iii) at right angles. 

3. When the rod is equally inclined to the rulers. 

4. When P is the mid-point of AB (i) is a maximum, (ii) is a minimum. 

5. Minimum when a =3. 

6. 45“. 7. 3*4". 8. 9. 


Exercises. Page 326. 

2. (i) 6*0" ; (ii) 1*2 cm. 

Exercises. Page 329. 

1. 4*0 cm., 8*8 cm. 2. (i) 1*20"; (ii) 1*93". 
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